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Abstract

Systems of equations become identified (up to permutation and sign) if the underlying
structural shocks are independent and if at most one of them is Gaussian. Unfor-
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sumption suffer from size distortions when the true shocks are close to Gaussian. To
address this weak non-Gaussian problem, we develop a robust semi-parametric testing
approach that yields valid confidence intervals for the structural parameters of interest
regardless of the distance to Gaussianity. We treat the densities of the structural shocks
non-parametric and construct asymptotically efficient tests based on the efficient score
function. The approach is applicable for a broad class of simultaneous equations mod-
els including structural VAR models. We evaluate the method in a large simulation
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1 Introduction

Non-Gaussian distributions can help to identify structural parameters in various structural
models, see Hyvérinen, Karhunen and Oja (2001) and Gouriéroux, Monfort and Renne
(2019) for prominent examples in statistics and econometrics, respectively. Unfortunately,
existing inference methods suffer from size distortions when the true distributions are close
to Gaussian. To remedy this problem we propose a robust inference method that exploits
non-Gaussianity, but does not assume it.

To outline the problem consider the simple model

Y =Ate, (1)
where Y is a K x 1 vector, A is a K x K invertible matrix and € is a K x 1 vector that
has independent components. The goal is to recover A™!, or, perhaps more usefully, A in
AY = ¢, from a sample of independent realizations of Y. This procedure is known in the
statistic literature as independent components analysis (ICA), see Hyvéarinen, Karhunen and
Oja (2001).

When the components of € follow Gaussian distributions A can only be identified up to
orthogonal transformations. In contrast, when at least K — 1 components of € follow non-
Gaussian distributions A can be recovered up to sign and permutation of its columns (see
Common, 1994). In other words, non-Gaussianity shrinks the identified set and can provide
useful information for pinning down the location of A.

With this in mind, a common approach for conducting inference on A is as follows: (i)
assume that sufficiently many components of € follow a non-Gaussian distribution, (ii) esti-
mate A using maximum likelihood methods or (generalized) method of moments, and (iii)
construct confidence bands for some function of A based on the sampling variation of the es-
timator. Both parametric and semi-parametric estimators can be considered, see Hyvarinen,
Karhunen and Oja (2001) and Gouriéroux, Monfort and Renne (2017) for important exam-
ples.

A problem with this approach occurs in step (iii) when the true densities are close to the
Gaussian density. In such weakly non-Gaussian cases local identification deteriorates and
coverage distortions occur. The root of the problem lies in the fact that the aforementioned
inference approach is based on a binary treatment of non-Gaussianity and ignores that what
matters for correctly sized inference is the distance to the Gaussian distribution.

From an economics perspective, model (1) is more usefully viewed a building block in a
larger simultaneous equations model possibly including covariates and a dynamic structure.

For such models it follows that whenever the object of interest depends on A — for which



inference is conducted in the aforementioned approach — the size-distortions carry over.
Prominent examples where this problem arises include (i) inference for impulse responses
in structural vector autoregressive (SVAR) models (e.g. Hyvérinen et al., 2010; Lanne and
Ltkepohl, 2010; Moneta et al., 2013; Lanne, Meitz and Saikkonen, 2017; Maxand, 2018; Lanne
and Luoto, 2019¢; Gouriéroux, Monfort and Renne, 2017, 2019; Tank, Fox and Shojaie,
2019; Herwartz, 2019; Bekaert, Engstrom and Ermolov, 2019, 2020; Fiorentini and Sentana,
2020), (ii) tests for invertibility and fundamentalness (e.g. Sahneh, 2015; Chen, Choi and
Escanciano, 2017) and (iii) potentially inference for common components in factor models
(e.g. Bonhomme and Robin, 2009). In any of these examples, it holds that size distortions
occur whenever the true densities of € are close to the Gaussian distribution.

To this extent, this paper develops a robust approach for conducting inference on A that
is inspired by the identification robust methods developed in econometrics (e.g. Stock and
Wright, 2000; Kleibergen, 2005; Andrews and Mikusheva, 2015) and the general semipara-
metric statistical theory that is discussed in Bickel et al. (1998) and van der Vaart (2002).
In particular, we construct confidence bands for the elements of A by inverting singularity
and identification robust semiparametric score test statistics. The score test is shown to be
correctly sized regardless of the distance-to-Gaussianity of € and — under non-singularity — it
is included in the class of asymptotically uniformly most powerful invariant (AUMPI) tests.

We start by providing a general, and quite high level, framework for conducting singular-
ity and identification robust hypothesis tests in semiparametric likelihood models where the
null hypothesis concerns a finite dimensional parameter vector and there exists an infinite
dimensional, but well identified, nuisance parameter. The testing approach is characterized
by two steps. In the first step an estimate for the efficient score function of the finite di-
mensional parameter of interest is constructed and in the second step this estimate is used
to construct a singularity robust score statistic. The test statistic can be viewed as the
semiparametric version of a Neyman-Rao score statistic, with an adjustment for a possibly
singular variance matrix, see also Choi, Hall and Schick (1996) for the non-singular case and
Andrews and Guggenberger (2019) for singularity adjustments in parametric models.

With our general framework in hand, we turn to the ICA model (1) and its extensions.
We start by casting the ICA model as a semiparametric model in which A determines the
parametric part and the densities of the components of € form the non-parametric part.
Given a set of mild regularity conditions we analytically derive the efficient score function
following Amari and Cardoso (1997) and show that it can be consistently estimated using
the B-spline based log density score estimator of Jin (1992) and Chen and Bickel (2006).
Based on the estimate of the efficient score function we can directly compute the score

statistic which is shown to have a standard chi-squared limiting distribution. Importantly,



this result does not assume any form of non-Gaussianity, and the score statistic has the
same limiting distribution regardless of the distance-to-Gaussianity. Moreover, computing
the score statistic is trivial as it essentially only requires K regressions to estimate the log
density scores, thus avoiding the usage of numerical optimization routines.

To extend the applicability of our approach to a broad class of simultaneous equations
models we consider situations where we do not observe realizations of Y, but instead are only
able to estimate Y based on some observable data sample. Prominent examples included in
this class are linear simultaneous equations models with predetermined explanatory variables
and structural VAR models. In general, the estimation noise from the initial estimation
step, required to estimate Y, is non-negligible and we show how to adjust the variance of
the efficient score function to account for this. With this adjustment the main results for
the baseline model (1) carry over.

We evaluate the finite sample performance of the semiparametric score tests in a large
simulation study. We show that regardless of how close € is to the Gaussian distribution
(i.e. how well A is identified) our test is correctly sized. In contrast, tests that are based
on the sampling variation of (pseudo)-maximum likelihood or GMM estimators for A have
large size distortions. Importantly, we find that pre-testing for non-Gaussianity does not fix

U Further, for moderate sample sizes the power of the semiparametric test is

this problem.
similar when compared to the parametric score test that relies on knowing the functional
form of the density. These findings show that our asymptotic theory is useful for obtaining
finite sample approximations.

In an empirical study we consider estimating supply and demand elasticities in the US
labor market (e.g. Baumeister and Hamilton, 2015; Lanne and Luoto, 2019b). We show
that allowing for non-Gaussian distributions creates some identifying power that eliminates
the need for some of the assumptions imposed by Baumeister and Hamilton (2015) and can
be done in a robust way without actually assuming non-Gaussian densities. However, the
resulting confidence sets are larger when compared to the non-robust methods, implying that
the weak non-Gaussian problem is likely to be relevant in this setting.

Our approach builds on three strands of literature: identification robust testing, semi-
parametric inference and the ICA model and its extensions.

Regarding the weak identification robust literature, a useful analogy is obtained when we
compare the non-Gaussian identification approach to an instrumental variable based iden-

tification approach. In textbook IV, identification is established theoretically by assuming

! Pre-testing here is defined as a two-step procedure, where in the first step the elements of Y are tested for
normality and if normality is rejected step two proceeds by maximum likelihood or moment based inference
for A.



that the covariance matrix between the instruments and the endogenous variables has full
rank. In practice however, what matters for reliable standard inference is that the first
stage F-statistic is larger then some threshold value, informally put, the correlation between
the instruments and the endogenous variables should be sufficiently strong (e.g. Staiger and
Stock, 1997; Stock and Yogo, 2005). In a similar way, in the ICA model non-Gaussianity
can be viewed as a theoretical identification assumption (e.g. Hyvérinen, Karhunen and Oja,
2001), but what matters in practice is the distance to the Gaussian distribution. To avoid
relying on the strict non-Gaussian identification assumption we consider test statistics whose
asymptotic size does not depend on this assumption, similar in spirit to the identification
robust tests that have been constructed for the IV problem which avoid explicitly relying on
the covariance between instruments and the endogenous variables for inference (e.g. Ander-
son and Rubin, 1949; Staiger and Stock, 1997; Stock and Wright, 2000; Kleibergen, 2005;
Andrews and Mikusheva, 2016).

More generally, the score testing approach in this paper is the semi-parametric equivalent
to the Neyman-Rao test for parametric models (Hall and Mathiason, 1990). The latter have
been shown to be robust to identification failures in, for instance, Andrews and Mikusheva
(2015). Similar identification robust approaches have been developed for generalized moment
models in Stock and Wright (2000) and Kleibergen (2005), among others. In the GMM
context Andrews and Guggenberger (2019) provide an important extension that allows the
variance matrix of the moments to be near singular or singular. We adopt a similar approach
to construct singularity robust tests in our semiparametric setting.

The semiparametric literature in statistics has mainly focused on efficient estimation in
well identified models Bickel et al. (1998) and van der Vaart (2002). A few papers focus on
testing in well-identified semiparametric models (e.g. Choi, Hall and Schick, 1996; Bickel,
Ritov and Stoker, 2006). The approach of Choi, Hall and Schick (1996) is most closely related
to our general framework but does not deal with identification failures and the associated
singularity of the efficient information matrix.

Finally, there exists a rich literature on ICA models and applications thereof (e.g. Hyvérinen,
Karhunen and Oja, 2001). This paper relates most closely to papers that treat the density
functions of € non-parametrically, see Bach and Jordan (2002) and Chen and Bickel (2006).
Empirically our motivation stems from an increasing number of papers in econometrics that
rely on a non-Gaussianity assumption for identification in extensions of the ICA model, no-
tably structural vector autoregressive models (e.g. Chen, Choi and Escanciano, 2017; Lanne,
Meitz and Saikkonen, 2017; Lanne and Luoto, 2019a; Gouriéroux, Monfort and Renne, 2017,
2019; Bekaert, Engstrom and Ermolov, 2019).

The remainder of this paper is organized as follows. In the next section we discuss a



general framework for conducting singularity and identification robust tests in semiparamet-
ric models. Section 3 gives the implementation details and primitive assumptions for the
ICA model and some of its extensions. Section 4 summarizes the results from the simulation
study. Section 6 concludes. Any references to sections, equations, lemmas etc. which start

with “S” refer to the supplementary material.

2 Robust testing in semiparametric models

In this section we present a general approach for conducting identification and singularity
robust hypothesis tests in semiparametric models. Our treatment is high-level and can be
applied to a variety of models.

To outline the setting, consider the random vector Y € Y C RX that is defined on
some underlying probability space (€2, F, P) with distribution specified by the law Pp, that
depends on parameters 6, € ©. The parameter space © has the form © = A x H, where
A C RE and H C M, with M a Banach space. We write a typical element of © as 6 = («, ),
where it is understood that o € A and n € H.

The model that the researcher considers is the collection
P@:{PQZQGG}. (2)

Typically, when # is finite dimensional we think of model (2) as parametric, whereas if H
is infinite dimensional the model is classified as semiparametric, see Bickel et al. (1998) and
van der Vaart (2002) for textbook treatments.

In general, we assume that n does not suffer from identification problems, but a may.
In particular, for different points n € H the vector a may be strongly identified, weakly
identified or completely unidentified. To conduct inference on « without making a priori

assumptions on the identification of o we consider hypothesis tests of the form
Hy:a=ay,neH against H:a#ay,neH. (3)

The main idea is to develop test statistics whose limiting distribution is invariant to the
identification strength of a. Such test statistics can then be inverted to yield confidence
intervals for o with correct coverage.? Following Choi, Hall and Schick (1996) and Bickel,

Ritov and Stoker (2006) we concentrate our efforts on test statistics that are based on the

2In parametric settings this approach is considered in Andrews and Mikusheva (2015) among others.



efficient score function for «.
Formally, we define scores of the model (2) to be the quadratic mean derivatives of

root-density paths.

Definition 1 (Cf. Definition 1.6 in van der Vaart, 2002). A differentiable path is a map
t — P, from a neighbourhood % of 0 € [0,1] to Pe such that for some measurable function

s:Y—=R,ast]0,
_ 1 2

/{M—és\/ﬁ dl/—>0, (4)
where p; and p respectively denote the densities of P, and P relative to v. Here s is the score
function of the submodel {P, :t € %} att = 0.

If we let t — P, range over a collection of submodels, indexed by Z, we will obtain a
collection of score functions, say s; for ¢ € Z. This collection, {s; : i € Z}, will be denoted
by Tpz and if it is a linear space we refer to it as a tangent space. For the semiparametric
model (2) we define tangent spaces along restricted paths concerning the two parts of the
parameter 0 = (a,n) separately.

First, let 7;:'3& = {d ée :a € R}, where 59 is the L x 1 vector of scores of a evaluated
at 0 = (a,n). Formally, this is the space of scores corresponding to paths of the form ¢ —
Plattam for a € RY; these are scores corresponding to the parametric model { P, ) : o € RE}
Second, let 7}1'70}{ be the tangent space at Py formed of scores corresponding to paths of the
form ¢ — Py, (amn)) for h € H; these are scores corresponding to the nonparametric part
of the model. Finally, let 7 = R* x H. We postulate that Tp, 7 = 7;;"% + 7';]0‘0}{ We take
the tangent spaces as given in this section; see section S1 in the supplementary material for
a formal statement of what we require.

Having defined the tangent spaces of « and 7, let IIy be the orthogonal projection from
Ly(Py) to cl 7;.79%. The efficient score function for « is defined as (e.g. Definition 2.15 in
van der Vaart, 2002)

lg = by — Tyly (5)

where the projection is understood to apply componentwise. The accompanying efficient

information matriz for « is given by
jg = Egégé’e . (6)

When 7 is finite dimensional the efficient score is equivalent to the population residual of
the regression of 5 on the scores of 1 and the efficient information matrix is the variance of
this residual (e.g. Neyman, 1979; Choi, Hall and Schick, 1996). Building tests or estimators



based on the efficient score function is attractive as efficiency results are well established,
see Bickel et al. (1998).

2.1 Semiparametric identification robust score test

Our interest lies in testing the null hypothesis (3) in a robust way that does not impose
restrictions on the identification strength of o. From the previous section it follows that at

0y = (a,n), where n € H, we have
Eolg, = [Eoéeo — Eoﬂeoéeo] =0, (7)

since Eoégo = 0 as the [-th element of égo is a score function for the submodel P, 4, with
e; the [-th canonical basis vector in R*. Moreover, each component of the vector Hgofgo is
an element of cl 7;';‘:‘}{ and hence EgIly,lg, = 0. This implies that (7) defines a set of L
moment conditions based on which we can construct hypothesis tests. See e.g. Stock and
Wright (2000), Kleibergen (2005) for related approaches with finite dimensional nuisance
parameters. Unlike these papers, the nuisance parameter in our model is not a Euclidean
parameter but rather an infinite dimensional object.?

To construct test statistics we assume that we observe n independent and identically
distributed copies of the vector Y that are denoted by {Y;}! ;. These observations are such
that they satisfy the following high level assumption.

Assumption 1 (Non-Singular). Under the null hypothesis (3) we have that
1. \/%7 S gy (Vi) ~ Z, where Z ~ N (0, Ip,) and rank(Iy,) = L;

2. We have an array of estimates {égom(Yi)}nzugn such that:
1L~ 5 ~1/2
=3 (fann(¥) = o (Y0)) = 0p(n™72) 5
i=1

A P ~ . A~
3. lpyn — Lo, for some sequence of estimates {Ig, .} -

Clearly, Assumption 1 is high level and should be verified for any specific model of the
form (2). Nevertheless, the strategy for verifying the different parts of the assumption is

similar. In particular, part 1 amounts to verifying a central limit theorem for the efficient

3 Andrews and Mikusheva (2016) also consider robust testing with an infinite dimensional nuisance pa-
rameter. Their approach is quite different to ours, focussing on models defined by moment conditions rather
than with a full specification of the probability law.



score function, which given the iid assumption requires the existence of sufficient moments.*
Part 2 imposes that we should be able to construct a sequence of estimates for the efficient
score functions, which in practice amounts to being able to estimate 1 or a functional thereof
sufficiently accurately. The third part imposes that the efficient information matrix can be
consistently estimated. The assumption rank(lp,) = L is often too strong for models in
which « is not identified and we will relax this assumption in the next section.

Two important observations follow from Assumption 1. First, we do not model the
identification strength for a.. This is not required as we impose that a = ag under Hy in the
construction of our test statistic. Second, we effectively do require that 7 is strongly identified
as typically Zgo depends on 7 and we impose that 5790 can be y/n-consistently estimated.

To test the null hypothesis (3) we consider the efficient score statistic given by

. 1 < - /:1 1 = -
Sn = (%;géo,n(}/z)> Iao,n (%;g%,n(}/z)) : (8>

For parametric models this score statistic reduces to Neyman’s C'(«a) statistic, which is
asymptotically equivalent to Rao’s score statistic (e.g. Kocherlakota and Kocherlakota, 1991).

The limiting distribution of S, is summarized in the following proposition.

Proposition 1. Given assumption 1-(Non-Singular), under the null hypothesis (3) we have
that
S,y ~ X3 .

All proofs are provided in Appendix A. The proposition implies that, regardless of
whether « is well identified, the score static S, has a standard x? limiting distribution.
Confidence regions for o can be obtained by inverting S, over a grid of values for a. By
construction such confidence regions will have correct coverage.

Choi, Hall and Schick (1996) show that tests based on S, are asymptotically uniformly
most powerful within the class of rotation invariant tests (when L = 1 the rotational invari-
ance can be dropped). This implies that asymptotically when testing Hy: « = ag , n € H
against Hy : o # g , n € H, the power of the test is as good as if n would be known. This
makes tests based on S, attractive for scenarios where there is no explicit direction in which
one want to maximize power. When such directions are given alternative test statistics, also

based on the efficient score function, can be considered (e.g. Bickel, Ritov and Stoker, 2006).

4In fact efficient score functions have finite second moments by construction and therefore automatically
satisfy the required moment condition. We leave the weak convergence condition in the assumption as the
results based on it do not rely on any other properties of efficient score functions and apply to any function
satisfying these conditions. Additionally, extensions that allow for dependent observations can equally well
be accommodated.



2.2 Semiparametric identification and singularity robust score test

In semiparametric models, the efficient information matrix fgo will often be singular at points
of (local-)identification failure, see also Andrews and Guggenberger (2019) for many examples
in parametric models. This occurs for instance, as we show in the supplementary material,
in the ICA model (1) when more than one of the densities of € are exactly Gaussian. In this
section we modify the test statistic S, to accommodate singular information matrices.

We first modify Assumption 1 accordingly.
Assumption 1 (Singular). Under the null hypothesis (3) we have that
1. \/iﬁ S gy (i) ~ Z, where Z ~ N (0, Ip,) and 0 < rank(ly)) = r < L;

2. We have an array of estimates {lf@o’n(Yi)}nzugn such that:
. Z (foyn(V9) = T (¥)) = 00(n ™2

3. P (Hfgo,n - 1:90H2 < I/n> — 1 for some sequence of estimates {f@om} and some positive

sequence v, — 0 .

This modified assumption allows the limiting distribution of the re-scaled sum of efficient
scores to have a singular variance matrix. Part 3 imposes that there exists a decreasing
sequence v, such that the distance between jgo,n and jgo is upper bounded with probability
tending to one by v, as n — oo. For example, if we have that || I, ,, — g, |2 = Op(n~"/?) we

could take v, = log(n)/\/n.

Given v, we define a truncated eigenvalue version of the variance matrix estimate as
Ly = Unhn(va)U;, 9)

where An(l/n> is a diagonal matrix with the v,-truncated eigenvalues of f@om on the main
diagonal and U, is the matrix of corresponding orthonormal eigenvectors. To be specific, let
{Ani}E | denote the non-increasing eigenvalues of Iy, ., then the (i,4)th element of A, (1) is
given by j\ml(;\m > V).

Given the truncated variance matrix estimate, we define the singularity robust score test

(BEeo)m(SEem).

&SR
SOt s

statistic as

where ;jn is the Moore-Penrose psuedo-inverse of fgo’n. The limiting distribution of

characterized in the following proposition.
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Proposition 2. Given assumption 1-(Singular), let r, = rank(féom) where jéo,n is defined
in (9) and denote by c, the 1 — a quantile of the X2 distribution, for any a € (0,1). Then,

under Hy we have that

P(S5E > )= a .

The proposition implies that we can use the estimated rank of I 50,,1 to compute the critical
value for S;fR. In practice, we can set v, to an arbitrarily small number greater then zero.
In this case the Moore-Penrose psuedo-inverse of féw becomes equal to that of fgoyn. Hence,
the role of v, is merely to facilitate the construction of the proof.

A reassuring result is that under the given assumptions we have that if r = L, then 5’5 =
S, + 0p(1); see lemma 2 in the Appendix. Therefore the singularity robust score statistic
S';?R can be adopted for all cases: singular or non-singular variance matrix. Moreover, for
the case where r = L the optimality properties of S, carry over to S’S R,

The singularity and identification robust test statistic S';fR is broadly applicable for the
class of semiparametric models we consider. The key difficulty for its application lies in the
construction and estimation of the efficient score function. For this no general recipe exists

but guidance and examples are given in Rabinowitz (2000).

3 Robust non-Gaussian inference

In this section we provide the details for implementing the high level framework from the
previous section for conducting inference on A in the ICA model and extensions thereof. For

convenience we restate the ICA model
Y =Ate. (11)

We start by casting model (11) as a semiparametric model as defined in general in equation
(2), see also Amari and Cardoso (1997) and Chen and Bickel (2006). Then, we provide
the details for the estimation of the efficient score function and the singularity robust score
test. Finally, we provide extensions of model (11) that allow for the inclusion of covariates
and dynamics, thus covering a broader class of simultaneous equations models and vector

autoregressive models.

3.1 Semi-parametric ICA model

In the ICA model the finite dimensional parameters of interest are the parameters that

determine A, whereas the nuisance parameters are the unknown density functions of the

11



components of e.

Let @« € A C R* be the parameter controlling A = A(«). For example, if A lies in
the set of invertible matrices and is otherwise unconstrained, we can take o = vec(A). If
A is an orthogonal matrix, it can be parameterized by a € RV with L = K(K — 1)/2
using the trigonometric transform or the Cayley transform of a skew-symmetric matrix (e.g.
Gouriéroux, Monfort and Renne, 2017). We leave the precise parameter mapping unspecified
in our theoretical work and simply assume that A(«) is continuously differentiable with
respect to a.

The nuisance parameters 7 = (1y,...,1n;) correspond to the density functions of ¢ =
(€1,...,€x)". We do not impose any parametric form for the density functions, but we will

place a number of restrictions on the moments of (functions of) e.

Assumption 2. Fore = (e1,...,€ex) in model (11), each component € has a continuously
differentiable root density (where the density is with respect to Lebesgue measure on R). We
write the density as ng with log density score ¢r(x) = dlogng(x)/0x. We assume that for
alk=1,....K

1. Bep = 0, B2 = 1, Eet™ < oo, E(ef) — 1 > E(e})?, and B¢, (e) < oo (for some
d>0);

2 Eqbk(EkJ') = 0, Eqbk(ek,i)ek,i = —1, E¢k(ek7i)ez7i = O and ]EQSk(EkJ‘)E%i = —3,’
3. ey 1s independent of €; for all k # j.

The first part normalizes the errors to have mean zero, variance one and finite four+9
moments.” The second part simplifies the construction of the efficient score functions. Whilst
this may at first glance appear a strong condition, lemma S11 shows that if the first part
holds, then a simple sufficient condition is that the tails of the densities 7, converge to zero
at a polynomial rate.® When A is restricted to be an orthogonal matrix the second part can
be dropped entirely.

Most important is what is not in Assumption 2: there is no condition that imposes that
a certain number of components of € have a non-Gaussian distribution. This is precisely the
way in which we deviate from the ICA literature and its extensions where such assumptions

are commonly imposed. The benefit, as we will see below, is that our testing approach

"E(ef) — 1 > E(€})? always holds; this is known as Pearson’s inequality. See e.g. result 1 in Sen (2012).
Assuming that E(e;) — 1 > E(€3)? rules out (only) cases where 1,¢; and €7 are linearly dependent when
considered as elements of Ly. See e.g. Theorem 7.2.10 in Horn and Johnson (2013).

6See example S1 in the supplementary material for an explicit example of a density which satisfies the
first part of the assumption but not the second.
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retains correct size regardless of the true distributions of €, e.g. regardless of the distance to
the Gaussian distribution.

To define the parameter space for our semi-parametric model, let 7 be given by

I = {g c Li(A)NCY\) : g(z) > O,/g(z) dz = 1,/zg(z)dz = O,//{(z)g(z) dz =0,
1)z < ox, [ 1tg /g™ 2) dz < o

/z4g(z) de>1+4 U S(2) dzr } ,

where A\ denotes Lebesgue measure on R, C*(\) is the class of real functions on R which are
continuously differentiable A-a.e. and r(z) = 22— 1. Let H = [[~_, /. The semiparametric
ICA model we consider is given by Pg = {FP : § € ©} with © := A x H and P, being the
law on R¥ defined by the density

K

poly) = | det Aa)| T me(Aves) (12
k=1
where Ay, denotes the kth row of A.

Let Ho C ‘H denote the set with elements n = (1, ..,nk) such that each n satisfies the
requirements imposed by assumption 2. To implement the score test we first characterize the
efficient score function (5) in terms of estimable quantities. The following lemma provides
the key result.”

Lemma 1. The components of the efficient score function (5) for the semiparametric ICA

model Po at any 6 = (a,n) with n € Hy are given by, forl=1,... L,

K

K K
loa(y) = Z Z Ci O (Arey) Ajoy + Z ik [Th1 Aoy + T2k (Arey)]

k=1 j=1,j#k k=1

where (i ; = [Di(a)|re Ayt with Dy(a) = 0A(a)/0cy and 73, = (T1 ks T2) is defined as

®Jj

0 1 Eo(Arey)?
T = Mkfl ,  where M, = 5 (A ?Z) .
—2 Eo(Arey)” Eo(Arey)* —1

"Strictly speaking, the efficient score function is defined relative to a specific tangent set, denoted here

by 7'1437!?‘,{; see e.g. the discussion in sections 1.2 and 2.2 of van der Vaart (2002). The proof of lemma 1 in
the supplementary material (see section S2) provides details on the specific tangent set we consider.
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The proof of Lemma 1 follows similarly as in Amari and Cardoso (1997) and can be found
in the supplementary material. It requires first defining the tangent spaces for a and n, and
then computing the orthogonal projection of the scores for o on the tangent space for 7,
see equation (5). The main difference with respect to Amari and Cardoso (1997) is that we
allow A(«) to be parametrized in an arbitrary (smooth) way. This can be useful from both
a theoretical and computational perspective if the researcher has prior information relating
to restrictions on A. Additionally, it permits more flexibility in specifying hypotheses about
A through a.

3.2 Non-Gaussianity robust score test

Next, to conduct inference on A we consider testing Hy : @ = ag , n € Ho using the
singularity robust score statistic S’SR given in (10). To compute S;?R we require an estimate
for the efficient score function fg, as defined in Lemma 1. This implies that for each k =
1,..., K, we need to estimate 7, and the log density scores ¢;. Note that the remaining
elements of the efficient score are fixed under Hy. To estimate 1790 we assume that we have
available a sample of n independent and identically distributed copies of Y that are denoted
by {Y;,i=1,...,n}.

The estimation of 75 follows easily by replacing the population moments in its definition

by their sample counterparts. In particular, we have

| A ! Ly (AY)?
T = M,;}L ,  where My, = R . n %:zzl( k 4) ‘ (13)
’ —2 n Zi:l(Ak'Y;') n Zizl (Ak;.Y;) —1

The estimation of the log density scores is typically more involved and a variety of options
exist. We proceed by stating the requirements that must hold for any density score estimator
and we show in Appendix B (see Proposition 3) that the method of Chen and Bickel (2006),
who build on Jin (1992), satisfies the requirements under mild conditions. This approach
is convenient for two reasons: first the method of Chen and Bickel (2006) is based on B-
spline approximations and while easy to implement it is notationally somewhat cumbersome,

second different researchers might prefer to use a different density score estimator.

Assumption 3. We have an array of estimates {qgk,n(Ak.Yi)}nzugn fork=1,..., K such
that, under the null Hy : o« = g , m € Hy, for each k # j

n

LS [l — u(AiaY2)] A = o), (1)

i=1
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and for v, = v2, with p = min{l + 6/4,2} and v,, = n"P/P if p € (1,2) or v, =
n~21og(n )1/2+p, for some p >0, if p =2, we have

—Z ([Brn(A0e¥D) = 014172 Aj.yi)Q — op(vy). (15)

The assumption effectively requires a specific functional, e.g. ¢y, of the nuisance parame-
ters . to be estimable sufficiently accurately. The rate v, is now made explicit and it is split
into two parts. The “slow” rate n=P/? (for p € (1,2)) is always sufficient given assumption
2, but if €; has finite eighth moments the faster rate applies. The method of Chen and Bickel
(2006) satisfies assumption 3 under assumption 2 and mild assumptions on the densities 7y,
see proposition 3 in Appendix B.

Given the estimates for 7, and the density scores ¢, we can estimate the efficient score

function under Hy by

Cooma(y) Z Z G Or(Arel)) Ajey + Z Qi [Te 1 Arey + Tr 2 (Arey)] (16)

k=1 j=1,j#k

where, compared to Lemma 1, 7, and ¢, have been replaced by their estimates. Similarly to
above we can define the efficient information matrix estimate and its eigenvalue truncated

version

A

j907 = deo, 69071 Z)l ) fgo,n = ﬁnA(”ﬂ)Urlz ) (17)

where U, and A(v,) are defined similarly as in equation (9) with v, as in assumption 3.

We now state our main result.

Theorem 1. Consider the statistic

S’SR: (%ZEGO,HO/J) 90, ( Zfeo, ) )
t=1

with lg, »(Y;) defined according to (16) and f;;n is the Moore-Penrose inverse of jéo,n defined
n (17). Given assumptions 2 and 3, let r,, = rank(fgovn) and denote by ¢, the 1 —a quantile
of the Xfﬂ distribution, for any a € (0,1). Then, under Hy we have that

P(S5E > ¢,) > a .

The proof of Theorem 1 amounts to verifying the three high level conditions stated in

Assumption 1-(Singular) so that we can apply proposition 2.
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Some comments are in order. First, if we would impose that rank(Is) = L, e.g. the
efficient information matrix is non-singular, then we could use the standard score statistic
S, as defined in equation (8). Here it holds again that 5’53 =S, + op(1). Second, if
rank(Ip,) = L the score statistic S5% is uniformly most powerful in the class of invariant
tests (e.g. Choi, Hall and Schick, 1996). Third, the threshold v, is important for deriving the
distribution of the test statistic, but in practice the size and power seem not to be affected as
long as v, is chosen to be small. Fourth, SSR is almost trivial to compute as it requires only
K regressions to obtain the density score estimates using B-splines, thus avoiding numerical

optimization routines entirely.

3.3 Extensions for covariates and dynamics

As argued in the introduction, from an economics perspective the ICA model (11) is best
viewed as a building block in a larger simultaneous equations model (e.g. Gouriéroux, Mon-
fort and Renne, 2017, 2019). Motivated by such examples this section extends the semi-
parametric robust score test for a general class of models where realizations of Y are not
observable, but a sequence of estimates of those realizations can be constructed. The testing
approach is similar as for the baseline ICA model, but the estimation noise — stemming from
estimating Y — is generally non-negligible and will require an adjustment to the variance of
the estimate of the efficient score function. Here we restrict ourselves to linear simultaneous
equations models, including SVAR models, but in the supplementary material we illustrate
how a broader class of potentially nonlinear models, which include Y = Ae as a component,
can be handled.

In this setting, we observe realizations from W; = (Z;, M;) that are generated by the
model

Zi = BMz + Y; y Y; = A_IQ 3 (18)

where M; a random vector of explanatory variables in R?, B a K x d coefficient matrix. Let
Bn the OLS estimator for B and we define }A/;n =7 — Ban =Y, +U,M,; forU, = B— Bn,
as the residuals.®

To formalize the approach we impose the following assumptions.

Assumption 4. Let Y = A~'e, where € satisfies assumption 2, and we have estimates

~

Yin =Y, + UM, fori=1,...,n, where {Y;,1 = 1,...,n} are independent copies of Y,
U, = B — B, and the process {M;} in model (18) is such that

8The OLS estimator is chosen for convenience, but any /n-consistent estimator can be used.
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1. {M;} is a weakly stationary process with E[M;M]] = 0 and absolutely summable auto-

covariances,

2. sup;ey E| M ;|" < oo for all s € [d], for some r > 4 and the strong mizing coefficients
r—4
of {M;}, {as : h >0}, satisfy >, x> < o0.

3. € is independent of (M;, F;_1), where F; = o({M;j,€; : j <i});

The assumption allows for weak dependence in the process { M;}. We require that {M;} is
strong mixing with strong mixing coefficients that decay sufficiently fast.’ In the independent
case, o = 0 for all ~ > 1 and hence we can take r = 4, in which case we require finite
fourth moments. In the dependent case, we require r > 4 and there is a (non-degenerate)
trade off between the existence of moments and the level of dependence permitted. Part 3
imposes that the structural shocks ¢; are independent of the “current” M, and all “past” M,
and ¢;. This is stronger than necessary and could be replaced by assuming that a number
of specific sequences are martingale differences with respect to the filtration F; and some
conditional homoskedasticity type assumptions; for ease of presentation we maintain the
stronger condition.

With these assumptions in place we construct the score test statistic. As we no longer
observe Y;, we need to adjust our estimator of the efficient score function under Hy. In place

of (16), we will use

K K K
Loy na(W3) = Z Z G j Pk (AreYin)AjeYin + Z Clke ke |:7A—k,1AkoY/:£,n + 7A—k,2/€(Ako}>i,n) ,
k=1 j=1jk =1

(19)
where 73, and ngSk are estimates based on the estimated ﬁn Both are defined analogously to
the previous section, with Y; replaced by Ym

To ensure that the log density scores can be consistently estimated we impose the fol-

lowing assumption, mirroring Assumption 3 for the baseline ICA model.

Assumption 5. We have an array of estimates {ngn (Ak.Y;-)} fork=1,..., K such
n>1,i<n
that, under the null Hy : o = oy , 1 € Hy, for each k # j
R . .
E Z [gbk,n (Akoy;,n> AjoY;,n - qbk’(AkoYz)A]oY;] - OP(n_1/2)7 (20)
i=1

and for v, = v2_ with p == min{l + §/4,2} and v,, = nIP/P if p € (1,2) or v,, =

P

9What constitutes “sufficiently” fast depends on the (non-)existence of higher moments.
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n~21og(n)/?**, for some p > 0, if p = 2, we have
1 =T~ N N 2
E Zzl |:¢k,n (Ako)/z,n> AjoY;,n - ¢k(AkoY;)A]o)/;] - 0P<Vn)' (21)

Proposition 4 in Appendix B demonstrates that this assumption holds for the log density
score estimator that is considered in Chen and Bickel (2006), provided assumption 4 and
some regularity conditions hold.

To express the form of the variance of our efficient score estimator in this model we
require some additional notation. Let g, = (¥y,1,---,%p, ) and its estimator Vgom =
(1%07”71, . ,%O%L)’, have components defined by (for [ € [L])

Yoo, (Wi (Z Gk k Tk, 1Aky> , Doy g (Wi (Z CkkTem1 ArY n) . (22)

Now, let ¢ = (ZZ)O,@Z)(’,O)’ and @, = (eona%o ) and define Vy, = Ep¢' and its sam-
ple analogue V, = 1 =3 on(Wi)@n(W5)'. Finally, let Q = E [M; M/~ EM;, Q, =
(25 MM T IS My, Ry = (I, —(Ip® Qn)'), B = (I, —(I, ® Q)') and define

Jo, = RVy,R, and J, = RV, R, . (23)
The eigenvalue truncated version of J,, is given by
Jt = U, AU, | (24)

where U, and A(v,) are defined similarly to as in equation (9) with v, as in assumption 5.

Theorem 2. Suppose model (18) holds and consider the statistic

< Zeeon ) JH<%§@0,H(WZ»)>,

with Uy, (W;) defined in (19) and Jb is the Moore-Penrose inverse of J' defined as in (24)
where J,, is defined as in (23). Given assumptions 4 and 5, let r, = rank(jfl) and denote by
cn the 1 —a quantile of the x2, distribution, for any a € (0,1). Then, under Hy we have that

P(S5E > ¢,) = a .
The theorem shows that we can continue to use the singularity adjusted score statistic in
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cases where Y; is not observable. The only consequence of estimating Y; is that the variance
of our estimate of the efficient score function needs to be adjusted.

For concreteness we provide two empirically relevant examples of models to which the
preceding proposition can be applied.'® We first consider a static model with i.i.d. observa-
tions which can be considered as a simultaneous equations model with additional (exogenous)

explanatory covariates. Second we introduce dynamics and consider a SVAR model.

Example 1. Suppose that model (18) holds and €; satisfies the requirements of assumption 2
and is independent of (M;, €;_1, M;_1, ... €1, My). Additionally suppose that {M;};cn is i.i.d.,
has finite fourth moments and E[M;M]] is full-rank. If assumption 5 holds, then proposition
2 applies.

Example 2. Suppose that
Zi=CH®1Zi 4+ P Ziy+Y:, Y,=Ae, (25)

where C € RE and each ®,, is a K x K matriz such that det ®(z) # 0 for all = € C with
|z| < 1.1 This model can be put into the form required by equation (18) as

/
Zi= BMi+Yi, with B=|C @ - @], Mi=|1 7z, - Z_]. (20

Additionally suppose that the covariance matriz of (Z; — ', ..., Zi,,  — i)' is positive
definite where p = E[Z;] and {€¢;}ien are i.i.d. and satisfy assumption 2. If assumption 5
holds, then proposition 2 applies.

4 Simulation results

In this section we study the finite sample properties of the singularity and identification
robust score test. We study the size and power of the test under different data generating
processes and compare its performance to several alternatives that have been proposed in the
literature. We first study the baseline ICA model (11) after which we consider the structural
VAR model discussed in example 2.

4.1 Baseline ICA model

We start by drawing independent samples from the ICA model (11) for dimensions K = 2
and K = 3 and sample sizes n = 200, 500. We fix €; to have a standard Gaussian density and

10The appendix contains proofs of the application of proposition 2 to both examples.
"Here ®(z) is defined as the matrix-valued polynomial ®(z) =1 — @12 — - — $,24.
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consider different densities for €, with £ = 2,..., K, that range from standard Gaussian to
skewed bi-modal distributions. The non-Gaussian densities are either Student’s ¢ or mixtures
of normals taken from Marron and Wand (1992). Table 1 provides an overview.

The matrix of interest A(«) is parameterized as a rotation matrix using the trigono-
metric transformation, with the L x 1 vector a denoting the coefficients.!? Similar results
are obtained for v = vec(A) which we consider for the SVAR simulations below, but the
trigonometric transformation conveniently reduces the dimension of «, which is useful for
studying power comparisons among different approaches for the case where K = 2 where L
becomes equal to one.

For each specification we simulate S = 5.000 datasets and for each we compute the
singularity robust score statistic as defined in Theorem 1 using the log density score estimator
of Jin (1992) and Chen and Bickel (2006) as discussed in Appendix B using B = 4,6 or 8
cubic splines, with the upper and lower endpoints taken to be the 95th and 5th percentile of
the samples adjusted respectively up and down by log(logn).'> We threshold the information

matrix estimate at machine precision for v, for all simulations.

Size results

In Table 2 we show the empirical rejection frequencies corresponding to the g;fR test with
nominal size 0.05. The columns correspond to the different choices for the densities ¢, for
k> 2.

The first column corresponds to the case where all densities are Gaussian and the expected
likelihood takes the same value for all & € R, e.g. « is unidentified. Nonetheless, we find
that the empirical rejection frequency of the score test is always close to the nominal size.
This holds regardless of the sample size n, the dimension of the ICA model K and the
number of cubic splines B.

Second, when the second (or the second and third) density is non-Gaussian the size
remains correct, regardless of the true density and the distance to Gaussianity of this density.
Even for complicated skewed bi-modal and outlier densities (e.g. columns 7 and 10) the S‘SR
test has excellent size regardless of the sample size.

Third, overall the number of cubic splines used has little influence on the results. A close

12For instance, when K = 2 we have that

Ala) = Cf)S(Oz) — sin(a)
sin(a)  cos(«)
with a scalar parameter .
131f this adjustment lead to the endpoint being lower (resp. higher) than the minimum (resp. maximum)
of the sample, the minimum (resp. maximum) was used instead.
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inspection reveals that when the number of cubic splines is equal to four the test becomes
mildly conservative for some densities, therefore we use B = 6 cubic splines in the remaining
exercises.

In sum, the size of the semiparametric score test is well controlled for the distributions
listed in Table 1.

Comparison to alternative approaches

Next, we compare our semiparametric testing approach to different parametric approaches
based on (psuedo) maximum likelihood and the generalized method of moments. Impor-
tantly, none of these alternatives are designed to be robust against cases where the true
densities are close to Gaussian and previous simulation studies in the literature have high-
lighted size distortions in such cases for these methods (e.g. Gouriéroux, Monfort and Renne,
2017; Lanne and Luoto, 2019a).

First, we consider the standard maximum likelihood Wald, score and likelihood ratio
tests that are based on the students ¢ density for ¢,. For densities 1-4 in Table 1 these
tests correspond to exact maximum likelihood tests, with the caveat that when the degrees
of freedom increases the parameters o become weakly identified, or not-identified when the
degrees of freedom tends to infinity as for the Gaussian density. For all other densities the
standard maximum likelihood tests are mis-specified.

Second, we consider the psuedo-maximum likelihood tests developed by Gouriéroux, Mon-
fort and Renne (2017). These tests are asymptotically valid for a broader range of true
distribution functions and amount to fixing the functional form of the likelihood. We follow
their implementation and choose the Students ¢ density with five degrees of freedom as the
pseudo-likelihood and compute the likelihood ratio statistic based on this density.'*

Third, we compare our method to the recently developed GMM method of Lanne and
Luoto (2019a), which relies on higher order moments to identify the parameter vector oe. We
follow their implementation and use Ee;, = 1, Ee;re;; = 0, Ee)pe;; = 0 and Ee; 67, = 1
as moment conditions for all j # k and j,k = 1,..., K. The GMM likelihood ratio test is
then computed as the rescaled difference between the unrestricted and restricted J-statistics,
based on the 2-step GMM estimator, see Lanne and Luoto (2019a) for more details.

Finally, several papers suggest using pre-testing procedures to determine whether the
shocks are indeed non-Gaussian. To this extent, we implemented all tests conditional on
rejecting the Jarque-Berra test for Gaussianity. For the Gaussian specification (e.g. density

1in Table 1) this was not feasible as the test was almost never rejected and reaching S = 5.000

14The Wald statistic suggested in Gouriéroux, Monfort and Renne (2017) was found to be over-sized for
all specifications.
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accepted samples became computationally too expensive, hence this case was omitted.

The empirical rejection frequencies are shown in top panel of Table 3 for the case where
K = 2 and n = 500. We find, perhaps not surprisingly, that the Wald test is severely
over-sized when the degrees of freedom of the Students ¢ distribution becomes large or the
density is mis-specified. In contrast, the likelihood ratio test is under-sized for most of the
specifications considered. The parametric score test, e.g. the LM test, performs well when
the density is correctly specified (e.g. cases 2-4), which is understandable as « is fixed under
the null and no identification problems arise, see Andrews and Mikusheva (2015) for more
elaborate examples. When the density is misspecified the parametric score test typically
performs less well.

The psuedo-maximum likelihood ratio test of Gouriéroux, Monfort and Renne (2017)
is correctly sized when the psuedo-likelihood is close to the true density, but the method
performs poorly in all other scenarios. The GMM-based likelihood ratio test of Lanne and
Luoto (2019a) over-rejects quite severely when the true densities approach the Gaussian,
this corresponds to the results in Lanne and Luoto (2019a), see their Table 1.

In sum, non of the alternative methods appear to control size under either (i) weakly

non-Gaussian densities, or (b) mis-specification of the likelihood.

Power results

Finally, we study the power of the semiparametric score test in the baseline ICA model. We
consider the case where K = 2 and n = 500, and hence a becomes a scalar parameter. To
compare our power we consider the parametric score test, or LM test, based on the Students
t density. This approach controls the size of the test reasonably well, see Table 2, and is the
natural parametric counterpart for the first four densities considered.

Figure 1 shows the empirical rejection frequencies when we vary « around the, arbitrarily
chosen, true value o = /4. Each point on the curve is based on S = 5.000 simulations and
for clarity of the figure we adjusted the power of the parametric score test such that it is size
correct, e.g. exactly 0.05 for a = ay, in all specifications.

We find that the power of the parametric score test is larger when compared to the semi-
parametric test when the density is correctly specified. This is the top row of Figure 1 where
we consider the students ¢ density as the truth. Nonetheless the S5 test comes quite close
in terms of power.

For all other density choices the S5 test convincingly outperforms its parametric coun-
terpart. Especially for bi-modal densities the difference in power is large. We note that «
is only identified up to scale and permutation of the columns hence for a € [0,27] there

are multiple optimal points and the power starts going down when it gets close to the next
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permutation. Based on these results we concludes that the semi-parametric score test has

adequate power even when compared to correctly specified parametric tests.

4.2 Structural VAR model

Next, we evaluate the finite sample size and power of the score test in the extended ICA
model following the methodology developed in Section 3.3. We focus on the structural VAR
model of example 2 as it corresponds to our empirical study below.

We simulate data from the SVAR model (25) with ¢ = 1,2, 4 lags, K = 2,3, ¢;1 ~ N(0,1),
€.k, With k& > 2, selected from Table 1 and n = 200,500,1000. The vector of interest is
specified as a = vec(A) and hence L = 4,9 in our setting. Experiments with alternative
choices led to similar results.

The empirical rejection frequencies for the robust score test S,fR of Theorem 2 are shown
in Table 4. We find that for small samples there is some over-rejection, notably for the
heavy-tailed densities (£(5) and the outlier density). When the sample size increases the

rejection frequencies become close to the nominal size of the test.

5 Short run labor elasticities

In this section we present the results from an empirical study that we conducted to study
supply and demand elasticities in the US labor market. The specification was taken from
Baumeister and Hamilton (2015) and was recently revisited by Lanne and Luoto (2019b)
who criticize some of the restrictions considered in Baumeister and Hamilton (2015) and
suggest to remove them by using an identification approach that exploits non-Gaussianity.
However, as shown in their and our simulations the adopted GMM approach is not robust
to weakly non-Gaussian densities.

To this extent, our objective is similar as in Lanne and Luoto (2019b) as we aim to
relax the prior specifications in Baumeister and Hamilton (2015) by relying on non-Gaussian
identification, but in contrast to Lanne and Luoto (2019b) we use the semi-parametric score
statistic to conduct inference, which is robust to weakly non-Gaussian distributions.

The bi-variate SVAR model is defined for Z; = (Aw;, An;), where An; is the growth
rate of total U.S. employment and Aw; is the growth rate of real compensation per hour.
The quarterly data sample is from 1970:Q1 until 2014-Q2 and the model specification of
Baumeister and Hamilton (2015) is given by

5 [ o 0 ]
0 o3

DOZi Ié+Dlzi—1+---+Dqu—q+21/2€i , DO =

_Bd 1
-5 1 ’
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where 3¢ is the short-run wage elasticity of demand, and 3° is the short-run wage elasticity
of supply.

This model can be rewritten in the notation of example 2 as follows

018° o28¢

B5—pB4 _5S_ﬂd

o1 __ o2
Zi == C + ®]_Z7,7]_ —'I_ . e + @qu,q + A_lﬁi’ A_l = [ ﬂs_ﬁd 65_Bd ]

We compute the semi-parametric score test for different values of 3%, 3%, 01, 0 that satisfy
the sign restrictions oy > 0, o9 > 0, * > 0 and 3% < 0. We evaluate the score test using
Theorem 2 and report the confidence region for 3° and 3¢ for each combination of parameters
that satisfies S5 < ¢,,, where ¢, denotes the critical value of the y2 distribution for a = 0.05
and a = 0.33.

The implied 67% and 95% confidence intervals for the demand and supply elasticities are
shown in Figure 2. We find that the short run supply elasticity is reasonably well identified
to the extent that the confidence regions exclude ° = 0. In contrast, the demand elasticity
is poorly identified using the non-Gaussian distribution, the confidence bands are wide and
we cannot exclude zero. These findings contrast with results reported in Lanne and Luoto

(2019b) who report considerably smaller confidence intervals.

6 Conclusion

In this paper we developed a class of singularity and identification robust score statistics
for testing hypotheses in semi-parametric likelihood models. Using high-level assumptions
we outlined a general approach for testing finite dimensional parameters in the presence of
infinite dimensional, but well identified, nuisance parameters.

The general framework was worked out in detail for a class of simultaneous equations
models where the interest was in the mixing matrix A and the densities of the errors were
treated as nuisance parameters. The mixing matrix A in this model class is identified (up
to sign and permutation of its columns) if and only if at most one component is Gaussian.
Existing approaches that exploit non-Gaussianity do not control size when the true densities
are close to Gaussian. In contrast, we show both theoretically and in simulation that the
semi-parametric score statistic is robust to this type of identification failure and controls size

uniformly over a space of densities that satisfy mild moment conditions.
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Appendix A: Main proofs

Proof of Proposition 1. Let Z,, = \/Lﬁ Yo lfgovn(Y;). This can be rewritten as

1 - 1 <, - -
Zy = NG ;feo(ﬁ) T ZZI%O,”(YZ-) — Loy (Y3)).

By assumption 1-(Non-Singular) the first term on the RHS converges weakly to a random

variable Z ~ N(0, Iy,) and the second term on the RHS is op(1). We conclude that Z,, ~»
Z. Since jgom i 1:90 > 0 an application of the continuous mapping theorem gives that
I 9% 17{2 Ry 00 12, Combining this with Slutsky’s lemma and the continuous mapping theorem

once more, we conclude that ](,_O}TCQZ,L ~ [9_01/22 ~ N(0,I) and hence

Sp = (L2212 2,) ~ 2.

Oo,n 6o,n
]

Proof of Proposition 2. We first show that f;o 4 Iy, and the rank estimate 7, = rank(féovn)

satisfies P({r, = r}) — 1 where r = rank(Ip,). ) ) A A
Let A; denote the [th largest eigenvalue of Iy, similarly define A;,, for Iy, , and )‘in for

[Agw. Define the set R,, := {r, = r}, let v := A, /2 > 0 and note that Assumption 1-(Singular)
part 3 — P(||Igyn — Igo|l2 < va) — 1 — implies that || g, , — Ig,||l2 = op(1).

-----

Hence, if we define E,, = {j‘nn > v, }, for n large enough such that v, < v, we have
P(En) =P <5\r,n > Vn) > P <5\r,n > E) > P <|5\r,n - )\7‘| < Z) — L

If r = L we have that R, D E, and therefore P(R,) — 1. Additionally, if S\L,n > v,
then A, = A, for each I € [L] and hence I§ , = Ip,n. Thus, E, N {|[lgyn — Ip,|| < v} C
{Hfgon — I, || < v}, from which it follows that fgmn L Iy,

Now suppose instead that r < L and define F,, = {/A\Hl,n < vp}. It follows by Weyl’s
perturbation theorem and the fact that \; = 0 for [ > r that as n — oo

P(F,) = P(Arirm < V) = P gy — Inoll2 < vn) — 1.

Since R, D E, N F,, this implies that P(R,) — 1 as n — oo. Additionally, if j\m > Up,
Ariin < Vn and |[Ig, n — Igy|l2 < v, we have that A} , = Ag,, for & <7 and A}, =0 =\ for
[ > r and so

..........

15E.g. Corollary I11.2.6 in Bhatia (1997).
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and hence {||A, (1) — Al < v} NVE, N F, C {||Igyn — Io,||2 < v}, from which it follows that
A () L A

To complete the first part of the proof, suppose that (Ai,...,\,) consists of s distinct
eigenvalues with values A' > A\? > ... > \* and multiplicities my,..., m, (each at least
one), where the superscripts on the As are indices, not exponents. A**! = 0 is an eigenvalue
with multiplicity msy; = L —7. Let I¥ for k =1,...,s+ 1 and i = 1,..., m; denote the
column indices of the eigenvectors in U corresponding to each A\*. For each A\*, the total
eigenprojection is IIj, = ™ ulfu;k.w Total eigenprojections are continuous.'” Therefore,

if we construct f[kn in in an analogous fashion to Il but replace columns of U with columns

Qf Un, we have f[kn Lt I1;. for each k € [s+ 1] since jgmn Lt fgo. Spectrally decompose I~90 as
Ipy = S5, A1), where the sum runs to s rather than s + 1 since A**! = 0. Then,

s+1 my s+1 my s
Loy = D> Ml i, = > (N, = ANVl , + > NIk,
k=1 i=1 k=1 i=1 k=1
and so
s+1 my S
Wby = Tnlla < S0 A, = Ml iyl + 37 IVl — Telle 55 0
k=1 i=1 k=1

by I 41, An () Ly A and since we have g pupe o = 1 for any 4, k, n.
_ Hence, we have that fgo KR Iy, aI}d P({r, =r}) — 1. This implies that IA;;)T LR f;o where
I ;LO is the Moore-Penrose inverse of I5,.'8

Now consider the score statistic S5, Similarly to in proposition 1 let Z,, := \/Lﬁ S Coyn(Y5).
We have

1 1 /5 _
Zn= ;ﬁeo(Yi) v ; (2000 (V2) = 0 (V1))

By Assumption 1-(Singular) parts 1 and 2, we have that Z, ~ Z ~ N(0,Iy,). Slutsky’s
lemma and the continuous mapping theorem imply

SR = 701517, ~ Z'1} 7 ~ X2

where the distributional result X = Z’ ngZ ~ x2, follows from e.g. Theorem 9.2.2 in Rao
and Mitra (1971).

Finally, recall that R, = {r, = r}. On these sets ¢, is the 1 — a quantile of the x?
distribution, which we will call ¢. Hence, we have ¢, LocasP (R,) — 1. As a result, we
obtain S5% — ¢, ~» X — ¢ where X ~ x2. Since the x? distribution is continuous, we have

16See e.g Chapter 8.8 of Magnus and Neudecker (2019).

17E.g. Theorem 8.7 of Magnus and Neudecker (2019).

18 A necessary and sufficient condition for (M + E,)t — MT as E,, — 0 is that for all sufficiently large n,
rank(M + E,,) = rank(M); see, for example, chapter 6.6 of Ben-Israel and Greville (2003).
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by the Portmanteau theorem
P(S§R>cn) :1—P(§5R—cn go) S 1-P(X—¢c<0)=1-P(X<c¢)=1-(1-a) = a,

which completes the proof. n

Proof of Theorem 1. The proof amounts to verifying Assumptions 1-(Singular) for the ICA
model under assumption 2 given a suitable log score estimator as defined in Assumption 3.
First, to verify Assumption 1-part 1 note that the data (Y;);>1 is an i.i.d. sequence.
Moreover, by its definition, ¢y € Ly(Py,) (componentvvlse) and hence Iy, exists and is finite.
Therefore the central limit theorem yields that f Yoy lo,(Y3) ~ Z ~ N(0, I,).
Second, to verify Assumption 1-part 2, define

K
Z G k,g¢k Aky Ajya

1 j=1,j#k

f’jx

T

and

K
Z Cl k,j(bkn Aky>A]y7

1 j=1,j#k

[ij

i

and let ¢ == maxe(r] je[k]ke[k] |Gy k] < 00. We have that

1~ -
- > O Ary) Ajy — dr(Ary) Ajy

i=1

VP (g1 — 1) SVRY . > ¢

k=1 j=1,j#k

Since each ‘%ZLI q%k’n(Aky)Ajy - gzﬁk(Ak.y)Ajy‘ = op, (n~'/2) by assumption 3 and the

outside summations are finite, it follows that

VARL($1 — 1) = o, (1) (27)

Next, we show that 75, — 7, — 0 almost surely where 7y, is defined in (13). The sequences

((ArY7)3)is1 and ((ArY;)1)i>1 are i.i.d. and have finite mean by assumption 2. Hence by

the strong law of large numbers we have that ]\ka converges to My, Py,-a.s.. Since My is

nonsingular by assumption 2, the continuous mapping theorem then yields 7, — 7%, Py -a.s..
Now, consider ¢, ,(y) defined by

P2 (y) = Z ik [Th 1 Ary + T2k (Axy)] -

Since sum is finite and each |(; ;x| < oo it is sufficient to consider the convergence of the
summands. In particular we have that

1 .. ) 1 ©
T D [ = Tl A¥= [ = 7l = 3 6as = 0m, (1) X O (1) = o5, (1),
i=1 1=1
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1 .. ) 1 ¢
ﬁ Z [Tkm2 — T2l K(ARY:) = [Thn2 — Tha % Z[G?k —1]= 0p00(1) x OPeO(l) = 0P00<1)-
i=1 =1

since (€;x);>1 and (e?k — 1);>1 are i.i.d. mean-zero sequences with finite second moments
such that the CLT holds. Together these yield that

VP (2, = ¢2r) = op, (1). (28)

Putting (27) and (28) together yields the claim, since ggo 1+ P2r and @go = Q1+ P24,
Finally, we verify Assumption 1-part 3. Define Iy, := £ 3" | Co,(Y:)lg,(Y;)'. We have

1 = Ty ll2 < 12— Lool2 + 1 1oy — Ioy -

We will obtain rates for the right hand side terms, starting with ||y, — Iy, ||2. Note that we
have for any I,m € [L]

g, — Too)im = —2@90 o0 (Vi) — Paolop.1(Yi) lgy.m (Y > Zleu

where Qpm; = (!Zg(),l(}/;)lﬁgo,m(yi) —Pgo[ggml(}/;)ggmm(}/;)]) and (Qm;)i>1 are iid. mean

zero random variables with the fgrm lez — PQOQl’mﬂ;, where lel is defined as in lemma
S14, which demonstrates that |[Qm.illr, , < 0o and hence ||Qrm,illp,,» < o0, Where p =
min{1 + /4, 2}.

If p = 2, then by e.g. Theorem 2.5.11 in Durrett (2019) we have that for « > 0

[j90 ]90 = - Z lez OPg 1/2 1Og( )1/2+L) :
It follows that
i i L L
oy = Topllz < 1oy — Talle = 4| DD oy — Ioy )2, = 0p,, (07" log(n)"/>*) .
=1 m=1

If, instead, p = 1 + v/4 < 2, then by the Marcinkiewicz & Zygmund SLLN (e.g. Theorem
2.5.12 in Durrett, 2019)

R - 1 < 1—p
[‘[90 - ]90]l,m = ﬁ ZQLm,Z‘ = OPGO (n P > .
i=1
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It follows that

L L
~ ~ ~ ~ 1-p
||[90 - [90”2 S ”[90 - IGOHF = Z 190 ]90 OPG0 <n P > .

I=1 m=1
That is, for any p € (1,2] we have ||Ig, — Ip,||2 = 0Py, (Vnp)- ) )

For the other componenE of the sum, define for any [ € [L], write U,;; = g,n1(Y3),
Uis = Lo, (V) and W, ;1 = Loy n1 (Vi) — 690 1(Y;). Since it is the absolute value of the (k, j)-th
element of fn - fgo, it is sufficient to show that ‘% Zi:l Um,kWn,i,j + = Zi:l Wn,@kUi,j
op,, (1) as n — oo. By Cauchy-Schwarz and lemma 516

. 1/2
1 ~
S(aZUzj) ( > ) = 0n, (1) X 0n, (1) = or, (),
i=1

1 n
- § Wi kUi
=1

1 n
- E UniseWhij
=1

for any (k, ) € [L] x [L]. Tt follows that the square of the (k, j)-th element of I, — Iy, is

2
32[ ZUnsznzk ZWnlkUZ]

=1

n 1/2 n 1/2
1 Z A 1
= (E Uiﬂ%’) (E Z Wiivi) - OPeO (1) XOPp,, (Vrlz/z) = 0Py, (V711/2)’
=1

+2 Opeo(l/n)

1 =~ - -
[ﬁ Z Un,iicWhij + Wyl
i=1

and hence ||, — Ip, ||2 < | 1n — Ip, || = OPHO(I/i/Q). We can combine these results to obtain:

||jn - j90||2 < Hjn - j90||2 + ||j90 - j90||2 = 0Py, (Vﬂ,p) + OPy, (VTIL/2) = Opy (Vém)'

0

]

Proof of Theorem 2. The proof of this theorem is a special case of the more general theorem
S1. In particular, we will show that assumption 4 (which is a strengthening of assumption
S1; see lemma S10) implies that assumption S2 holds with J,, and Jy, defined as in equation
(23). The claim of the proposition will then follow directly from theorem S1.

We start by showing the weak convergence result. Define Q,, == [+ 7" | M; M/] EM,.
Since assumption 4 ensures that E[M; M]] is positive definite and lemma S18 ensures a WLLN

for its sample analogue holds, the continuous mapping theorem ensures that @), LN Q.
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We can write

\/ﬁpn%o
G, (@90) S Cl,k,kTmAk\/ﬁ(B — B,)EM,
dn
Ek 1 Lok kT, 1Ak\/_( ) EM;

- B
(L 0 ~ (L, (Y;
B (0 (I ®Qn) ) Zl (%0 )

To establish weak convergence of G, = n=Y2 3" (£4,(Y:)', o, (W:)')" we will demon-
strate that (¢(W;), Fi)ien is a martingale difference sequence which satisfies the conditions
of the CLT given in proposition S1. Under our assumptions 690 and y, are integrable and
J; measurable. Moreover, for each [ € [L]

K
E[lg, (Y3)| Fizi] = Ellg,(W3)] =0,  Elthoys(Wi)|Ficil =D CutsThenE [Mieyi| Fia] = 0

k=1

Since o(Y;) is independent of F;_; we have IE[EQOZ;,O | Fi_1] = E[lg,lg,] = Iy, For any s,1 € [L],

K K K
E]—'i_l [gﬁo,lw% s] — Z Z Z Cl k ]Cs b bE]:z 1 [Qbk(Ek 1)63 i€b zMz]

b=1 k=1 j=1,j#k

K K
3D GraConoTaBr [ThenieniMi + Than(eri)eni Mi]
b=1 k=1

K
ZQkaskkTm Tk1+Tk2E€m] Er,_, (M),
k=1

since Ez, | [or(eri)€sicniMi] = Ex, | [E(or(eri)€sicnilo(Fir, o(M;)))M;] = 0 since j # k for
the first right hand side term; a similar argument holds for the second. Additionally

K
(Z Co ke k Tk, 1€m> (Z Cl,k,ka,lek,i> MzMZ]
k=1

K
= GConnTi Br, [MiM]].
s

]E]:Z 1 [¢90 8¢90 l

Therefore, by the law of iterated expectations along with lemma S22 we have that

1 & P y
n ZEEA pp — E[(PQOI] = Vo- (29)
i=1

To verify the conditional Lindeberg condition required by our CLT (see proposition S1)
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we will verify an unconditional Lyapunov condition.!? For this, by the triangle inequality,
it is sufficient to show that we have for each k € [K]| (a) sup;ey ||¢x(€ri)€5illpats < 00, (b)
UPsere sllbzcs < 00, () UPsers [1i(eki)lIp2s5 < 00, (d) 5Py [ Mo 245 < 50 for some
d > 0. Since the ¢, are i.i.d., the suprema in (a) - (c¢) are redundant. (b) and (c) follow
directly from the finite 4 + v moments of ¢ ;. For (a) and (d) use the finite 4-th moments of
ok (er;) and the uniformly bounded 4-th moments of M;, the finite 4 + v moments of ¢ ; and
the Holder inequality. With this in hand, proposition S1 applies and we can conclude that

G = WZ(@Z )w/\/’(o,%o).

Therefore, by Slutsky’s theorem we have that

5 0 I 0 {
Gn[€00+Qn] = (IL IdL) Gn <qu0> = ([L [dL) <0 _(IL ® Qn),) Gn <7;9(;> ~ Z NN(Ov J@o)'

n

For the second part of assumption S2, we start by showing that for any [ € [L] and s € [dy/]
we have

P, <¢00,n,l,s - ¢90,1,3)2 = 0p(Vn)- (30)

To demonstrate this, we write

2
R 9 1 n K
IEDn <w90,n,l,s - w@o,l,s) = ﬁ s zCl kk E Tk 1 nek gn — Tk1€k 7,}

k=1
K

2
szClkaTk1n6m+Tk1nAk(B B )M]>

k=1

K
1 - A A
S Z n : <M322 [Tk,1,n6k,i]2 + Mii[TM,nAk(B — Bn>Mi]2>

K
Z o 1 Z
S kln n €k K Tk 1 n

Up Ay,

1 n
n | 221 M2 M; M

(31)
by lemmas S17, 525 and our moment assumptions. We can upper bound the error in the
estimation of Vj, by

1V = Vaollz < IBanr, — Baiog'llo + IBaipg’ — Vo lo-

For the first term, let | € [L(dy;+1)] and write (A]n,i,l = Qn1(W), Un,i,l = (W;) and R, ;; =
Ont(Wi)—@i(W5). Tt is then sufficient to show that ’% S UmkRm] +130 Rmkf]m]‘ =

19This implication is standard; see lemma S23 for a statement & proof.
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op(vy) as n — 00.?’ By Cauchy-Schwarz, lemma S19 and equation (30), we have

" 1/2 1/2

1 ~

E ZRn,LkUn,i,] ( Z nw) ( Zank> = Op(l) X OP(Vvlz/Q) = OP(V711/2)>
=1

n 1/2 1/2

1 A

E § :Un,i,kRn,i,] ( E : nlk) < E :anj) = Op(l) X OP(V$/2) = OP(yrlL/2>’
=1

For the right hand side term, it is sufficient to show that (a) HIP)nZgOZ’QO —Ip,|lr = 0p(vny), (b)

H]P’nggo%o —Viullr = 0p(Vnyp) and (c) [|Pntbe, vy, — Vullr = op(vny). (a) follows by the same
argument as in the proof of theorem 1. For (b) we have for I,m € [L] and some s € [My],

K K K
Cond(Wi)WoomsWV:) =D ) 0 Y Gk jlmbsdrleni)ejieni M
k=1 j=1

b=1 1 j=1,j#k
K K
+ E E Gk kG o To1 [Tk, 1€ki€0,i M i + ok (€i)€pi Ms i),
b=1 k=1

and for (c) we have for indices [, m € [L] and b, s € [dy] that

K
%O,lb( )%Oms z [(Z Qkka 1€k2> (Z Cm,h,hTh,lﬂz,i) Mb,iMs,i] .

h=1

These expressions in conjunction with the rate results in lemma S20 yield that (b) and (c)
hold. We then have that ||V, — Vp,||2 = OP(V%/ ?). Decompose the estimation error for Jy, as

190 = Jaollz < I RI2Vaoll2| R = Ralla + [ Rl Vay = Valloll Rallz + IR = Rull2ll Va2l Rl

to see that the proof can be completed by demonstrating that ||R, — R, = OP(V%/Z) =
0p(Vnyp). For this, note that |E[M;M]]7']l, = O(1) and ||+ M;||, = Op(1) by as-
sumption 4. Additionally, by lemma S18 we have H% Yo M — EMZH2 = Op(n~?) =
op(Vn2) and |20 M;M! —E[M;M])||, = Op(n~'/?) = op(vnz). This gives us that

[% Z?:l MzMﬂ -

— E[Mi]\/[i’]_le = 0p(Vp2).*! In conjunction with the upper bound

-1

- 1 < 1 < 1«
1Qn—Ql2 < [— > MiM;] —EMM)H| (=D M| +|[EIMM) Y, (=D M —EM||
= = 2 i 2
2
we conclude that ||R, — R, = 0p(y£/2) = 0p(Vn,p), completing the proof. O

Proof of Example 1. Model (18) holds by assumption, as do assumptions 2 and 5. Hence it

20Write Pp,@n @l — Prpy’ =Py [@n(@n — ©)' + (&n — ¢)¢’] and bound the 2-norm by the Frobenius norm.
21Tf A is a non-singular matrix, the inverse map A +— A~! is Lipschitz continuous at Ay.
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remains to verify the remaining parts of assumption 4. Part 1 holds since (M;);>; is i.i.d.
with each component having finite fourth moments, E[M;M]] is positive definite.. Part 3
holds by our independence assumptions. For part 2 note that aj, = 0 for h > 0. Hence, the
summability condition is satisfied taking r = 4, whence the moment condition is satisfied
by the assumption that (M;);>1 is i.i.d. with each of its components having finite fourth
moments. O

Proof of Example 2. Equation (26) puts the model into the form required by equation (18).
Assumptions 2 and 5 hold by hypothesis. Hence it remains to verify the remaining parts
of assumption 4. We start by noting that by e.g. theorem 11.3.1. in Brockwell and Davis
(1991), there is a sequence of absolutely summable matrices (¥;)52, such that

Zi=p+Y WY,
j=0

is the unique stationary solution to the difference equation defining the VAR, where ¥y = I
and p = EZ;. For part 1, the stationarity of (Z;);en holds by the preceding discussion. We
note here that since the (Y;);en are i.i.d., (Z;);en is in fact strictly stationary. It follows im-
mediately that the same holds for (M;);cn. The absolute summability of the autocovariances
holds by proposition 10.2 (b) in Hamilton (1994). E[M;M]] > 0 holds by our assumptions
(see lemma S24). Part 3 holds by the independence of (¢;);eny. For part 2 we note that
since (M;);en is strictly stationary it has finite 4 + v moments due to the same property
of the ¢;. Therefore taking » = 4 4+ v will satisfy the required moment conditions. For the
mixing conditions note that by theorem 1 of Mokkadem (1988) we have that (M) is strong
mixing, with a-mixing coefficients which satisfy a;, = O(¢") for some ¢ € (0,1). Hence by
the convergence criterion for a geometric series and the fact that q% € (0,1), we have that

> r—4 r—4 > r—4
doam Sy ()T =) (@) <o

h=0 h=0 h=0

3

]

Lemma 2.ASuppose assumption 1-(Non-Singular) holds. Then under the null hypothesis
(3), S =5, + op(1).

Proof. We have that I ;O =7 0 Iand can write

where Z, = Gpnly, + \/ﬁIPn(@mn — lg,) = Op(1). We have that each 5\,” it Ai >0
where {\}Z, are the eigenvalues of Iy, (ordered non-increasingly) and {\,;}%, are the
non-increasing eigenvalues of ]Agom. Since v, — 0, it follows that with probability approach-
ing one, IAZ;’O’” = jgom and this matrix is of full rank. Hence, with probability approaching one
f;OTn = IA(;O}H, implying that fgoTn — —fe_oln = op(1), which suffices to complete the proof. O
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Appendix B: Density score estimation

In this section we describe a density score estimator based on flexible cubic B-splines. The
estimator is also considered in Chen and Bickel (2006) who build on Jin (1992).?* Letting
& < --- < &y be a knot sequence, the first order B-splines are defined according to bgl)(x) =
1, ¢, (). Subsequent order B-splines can be computed according to the recurrence relation

K T — gz Kk—1) §i+1€ — T [ (k=1)
b () = —— 0" V(@) + b (@), (32)
€z+n 1 fz fiJrn - €i+1 +
fork >1landi=1,..., N — k. A k-th order B-spline is k — 2 times differentiable in z with
first derivative ) )
(k) k— (k—1) k— (k—1)
(@) = T pE () - L (), (33)
Sivn—1 — & Civw — Cir1 T
See de Boor (2001) for more details on B-splines.
Let brn = (brn,-- - bknB,,) be a collection of By, cubic B-splines and let ¢, =
(Ckndy -+ -+ Chon,By,,) De their derivatives: ckm(x) = M for each i € [By,). Let v €

RBrn». The knots of the splines, &, = (Skni)ini Ken are equally spaced in [Zf,, 2} ] with

Ok = Ekmit1 — Ekmi > 0.2% For each (k,n) pair the relationships between the number of
knots (Kj,,), the number of spline functions (By,,) and dx, are given by By, = Kj, — 4
and Kk” =1+ (“kn o Hkzn)/ékn

Since the B-splines vanish at infinity for any n € N, integration by parts gives that

/ (6k(2) — Ahbin(2))Pel2) dz = / 624G + / (Yhbin)? AG + 2 / Vi ()me(2) dz

(34)
= Gy + V1 Grlbrnb Ve + 27, GiCrin.
The solution to minimising this mean-squared error is given by:?°
Ve = —Glbrnbl )~ G- (35)

Replacing the population expectations with sample counterparts we arrive at our estimate
of

-1
R . 1 n ) 1 n
Yen = — ﬁ ; bk,n(Ek,i)bk,n<€k,i> E ,z:; Ck,n(ﬂf,i)a (36)

22The results in this section are based on those in Chen and Bickel (2006) but adapted to our requirements.
In particular, we will impose A = A(«) under H, and therefore we do not need to account for estimation
uncertainty in A; however we do need results which allow us to determine the rate of convergence of our
estimate of the efficient information matrix. For our extensions to the ICA model we need a version which
applies when we observe only estimates of Y.

ZFor each k € [K] the sequences (Eé,n)neN, (Eltcj,n)nGN’ (Bg,n)nen and (0k 5 )nen are deterministic.

24 Implicitly we choose K k,n and the endpoints and dy, adjusts such that these formulae hold; this way
we do not need to adjust anything to ensure these are integers.

25This differs from the expression in Chen and Bickel (2006) by a factor of —1 as they estimate —¢y.
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and our estimate of ¢y: R
P (2) = b (2). (37)

We will now show that the estimates (/Bkn satisfy assumptions 3 and 5 under regularity
conditions on 7 and the choice of knot points. We first state and prove the main results
of this section in two propositions; the proofs depend on a number of lemmas which are
recorded subsequently.

Proposition 3. Let ¢y, = gzbkl EV and Ay, = Egn — Eﬁn and suppose that for v, as

in assumption 3, [Hkn, =0 n] TED Supp(nk) and g 1 0 such that
(i) Gr(er ¢ [Ex, Eal) = 0(7);
(i) For some ¢ >0, n 1Ai22‘5 (B2 = o(vn);
(111) i is bounded (||nk||co < 00) and differentiable, with a bounded derivative: ||n) ]|~ < 00;

(iv) For eachn, ¢y is three-times continuously differentiable on [Z5,,, 2] and H<z$(3) 12,07

O(Vn) ).26

(v) There are ¢ >0 and N € N such that for n > N we have inf,ciz =v 1 [ne(t)] 2 .

Then, under assumption 2, the estimates ng,n satisfy assumption 3.

Proof. We have that €,; = A;Y; and so can write

n

1 [¢kn €ri) — o n(Ekz)} €

n
=1

<

Zaﬁkn (AxY;)A Z@ (A7) AY;

n

1 3

- Z [ﬁbkn(ﬁki) - Qf)kn(é‘m)] €i| (38)
=1

+ %Z ¢kn ekz ¢k(6k,z)] €5l

where ¢y, (2) = Vrnlkn(2). We will show that each of these three terms on the right hand
side are op, (n~'/?).

For the last term, by assumption Gp{ex ¢ [2f,,Z} ]} | 0 and hence by independence
and Cauchy-Schwarz

Eo, ([0nn(er) — oulen)’e;) = Gi [dn(en)*1{er & [E8,, ELnl}]

< [Gronler)’] i [Gi1{ex & [B1,, ERa)}] i (39)
— 0.

26The differentiability and continuity requirements at the end-points are one-sided.
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By Markov’s inequality it follows that for any v > 0,

nv
For the second term, we note that by our hypotheses and lemma 5 we have

— 0.

% Z[¢k,n(€k,z‘) = Prleni)lesi

Egy ([0nn(er) = dna(e)2e) = G (Bn(er) = dra(e)]?) < 300, JI6f 12 0, (40)

as n — oo, and hence again by Markov’s inequality for any v > 0,

" ( > ) B GRS

nv
For the first term, by Cauchy-Schwarz

— 0.

1 -
NG D [ Drnleni) = Srnlenales
=1

%Z [Gglm(ﬁlm) - ékn(ekl)] €jii
i=1

< H:)/k,n - ’}/k,nHQ

1 n
5 Z bk,n(ﬁk,z’)ﬁj,i
=1

= 0Py, (n71/2)7
2

by lemmas 6 and 7.
It remains to prove the second part. Break the sum into components as:

%Zz:; ([ék"(AkY’) - qbk(AkYJ] Ajyi>2 < %zn: [Cgkn(ﬂm) - Cgkn(e,“)r e?@

=1

4 S~
+o Z |:¢kn<6kz) - Qbkn(ek'z)} i & (41)
=1
2 > [Bealens) = dnlenaf' el

We will show that (1/4 of) each of the right hand side terms is op, (v,) under our rate
assumptions. For the last term, for any v > 0, by Markov’s inequality and (39) we have

Gil{e, ¢ 25,2V 1}
>U%>S[k{k¢[“ LD < vtot) = o)
vy,

n

1

!

= " [brnlers) — dulerd))* €,

i=1

For the second term, for any v > 0, by Markov’s inequality and (40) we have

P (

1 Z [szn(fﬁm) - ¢kn(‘5k%)} 2 63@

n <
=1

> Wn> < v, 0@ [167 %) = o(1).
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Finally, for the first term in the decomposition, by lemma 7 we have

I 7 2 5 N 2
- > [@,n(%vz) — Grn(eni)| €5 < 1Fkn — Wnll2 Z bk (er,i) 15655 | = 0py, (Vn)-
i=1
0
Proposition 4. Let ¢y, = gzﬁkl zv gy and Ay, = 2k — Bk, and suppose that for v, as
in assumption 3, [Hk n o n] TE D supp(nk) and g | 0 such that
(i) Giler & 55, E,)) = o(17);
(i1) For some 1 >0, n_lAif‘é (10+20) = o(vn);
(111) i is bounded (||nk||co < 00) and differentiable, with a bounded derivative: ||n|| < co.

(iv) For eachn, ¢y is three-times continuously differentiable on [y, 2 | and H¢,(€37)Z|]§o(5kn =

O(Un),Q?

(v) There are ¢ >0 and N € N such that for n > N we have inf,cizr =v 1 [ne(t)] 2 -

Then, under assumption S1, the estimates qgkn(AkYm) based on €y, = Akffi,n satisfy as-

sumption I.

Proof. To simplify the notation, first note that e, = A;Y; and é;,, = AkYm We will first
demonstrate equation (14) holds. Write

I=Ts .. . .
" Z [Qbk,n(Ek,i,n)Ej,i,n - ¢k(€k,i)€j,i] = - Z [ Ek,z,n 631' + (€j,z’,n - Ej,z')] - ¢k(6k,i)€j,z}

=1

7 1 .

= 21: [(bkn(gkln) - ¢k(€k,i>i| €+ - 21: Pt (€ryin) i
1= 1=
(42)

where €, = €;,n — €;,. We have that €;;, = A;U, M; and so

%Z%(ek,i)gﬂ,n Ajv/nU,— Z¢k eri)M; = Op(1) x op(1) = op(1),

since (M; ¢k (€x), Pr.i)ien is a MDS with bounded variances and therefore % Yo Onleni) M; =

2"The differentiability and continuity requirements at the end-points are one-sided.
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op(1) by e.g. theorem 20.10 of Davidson (1994).%® Additionally we have that

) . 1/2
< <% ZZ:; [ng,n(ék,i,n) - Qbk(ﬁk,z)] 2) (% Z g?7i7n>

=1
Lo 1/2

= op(1) x (AJU E;MM; U;LA;>

= OP(TL_I/2),

by lemma 10 and assumption S1. Together the preceding two displays demonstrate that the
second right hand side term in (42) is op(n~'/2).

LS [nenin) = dnlens)]

=1

We next show that the first right hand side term in (42) is op(n~%/2). For this, decompose
the term as follows:

n n

%g [ngn(gkzn) - ¢k(€k,i)] €ji = %Z [Cgkn(gkm) - ngn(ekz)] Ej,ri-% Z [ngn(%) - ¢kn(€1u)] €j,i»

i=1 i=1

where ¢, (2) = Vymbhn(2). The second right-hand side term here is op(n~1/?) by exactly
the same argument as in the proof of lemma 3, noting that (the absolute value of) this term
can be bounded by the sum of the second two right hand side terms in (38). To handle the
first right hand side term, note that each term in the sum can be written as

(GrnEnin) = Srnler)| €56 = [T BronErin) = braleri)] 5] + [Ghn = o) Brn(enides]

By lemmas 9 and 6 we have for the second term:

= op(n~1/?).

2

_Z ’Ykn bkn(ekz)ejz} < ”7kn P)/k,nHQ

1 n
n Z bk,n(@c,i)ej,i
=1

It remains to control + Z ['yk o Ok (€kim) — Ok (€x4)] ej,i} . By the mean value theorem
for random variables (lemma 821) for each m € [By,] there is a random variable € ; , ., Which
lies on the line connecting €, and €;; such that

bk,n,m(ék,i,n) - bk,n,m(Ek,i) = Ck,n,m(gk,i,n,m)[ék,i,n — Gk,z’] = Ck,n,m(gk,i,n,m)AkUnMi, (43)
P-a.s.. Next we have that
_ZCknm €kz 316]71 Né;n ZMS’LEJZ :OP (51;,31,”_1/2) :
=1

since (M;€;4,E&j.i)ien is a MDS? and therefore serially uncorrelated and so we can argue that

28Here (Pr.i)ien is the sequence of filtrations with respect to which (M;¢x(ex,i))ien is a MDS.
Here (Ek.i)ien is the sequence of filtrations with respect to which (M;e;)ien is a MDS.
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for any € > 0 we can choose R > 0 large enough such that

1 - supieN]E [MS’Z‘Gj’Z‘]z
P ( %;MSJG%%’ >R> < R <eE.

It follows that

1 n
— > Venhnl€ri) [Erin — enileji| < 1Trnlle || AxUn— nam(€ki) M€
nz;%,nck, (€n,i)[Exi, eril€i| < | Tenll2 || Ax nz;ck, m(€ri) M€, )
i= = (44)
= Op(8eaByly) X Op(§ o)
:OP(n_1/2)7

under condition (ii), since we have that 4, iBl/Q 2 Agen /2 = o(1). Lastly,®

n

- Z%’m [Chin(Ehim) = Chon(€hi)] Erin€ii| < |[Frmll2 X %Z [Chn(Ehin) — Chn(€ri)] Erin€iii
=1 i=1 2
= Op (G148 ) % Op (BL20:207")
_ OP(TL_I/Q),
since 5,;7313;67”71*1/2 < 5,;;41Ak7nn*1/2 = 0(1). This demonstrates that
liw ey Nler: —erless — on(n-12
n ’Ykm [Ck,n(ek,z,n) Ck,n(ek,z)] [Gk,z,n Gk,z]ej,z OP(n ) (45)
i=1

Together, equations (43), (44) and (45) yield that X ) Y [Vk:n bk (€xin) — brn(€xi)] ej,i} =
op(n~/?) and hence (14) holds.

30Here ¢y, (€k,in) is to be understood as the vector with components ¢, 1 (€k,in,m). Moreover, for each
m € [By ] using lemma 8, the definition of € ; »m and assumption S1 we have

Lo 1/2 Lo 1/2
< (n >, 6?2) <n Y Somlenin = enil*lénin — Ek,z'}g)

i=1 i=1

" 1/2
_ 1
RO CRPNTEAE SV
=1

= Op(1) x Op(6;2nY).

1 & .
- > [eknm(Erin) = honm (0] [Erin — erileji
=1
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It remains to prove that equation (15) holds. We first re-write the sum as

1 /- 2
ﬁ Z <¢k,n(ék,z’,n)éj,i,n - ﬁbk(Gk,i)Ej,z’)
i=1

— %g (ékn(émn) [€jin — €5.4] + [ngn(ﬁm) — (bk(e;“)} ej7i>2 (46)
S %g <¢Ekn(€kzn) [€jimn — Ej,i])Q + % é ([ékn(ékzn) — gbk(e;“)} ej,i>2 .

For the first right hand side term note that since Zfb’;’i bknm(2)? < 1 (see e.g. (36) on
p. 96 of de Boor, 2001), using lemma 9 we have

1. .
- D 1k l3110kn (€ im) AU M3

I~/ . . 2
- Z <¢kn(€km) [€jin — Gj,i]) <
n 4 :
=1 =1
. 1 <
N "7k,n|’%"Un"gEZHMZ'H% (47)
i=1
= Op (0,2 Bran ™)
= op(y),

since (for sufficiently large n) 6,7 Brnn™" < 6,0 Agnn~'/? = o(1) by condition (ii). For the
second RHS term in (46) start by bounding it by:

n

: Z ([Bntenio) = ontens] ie)” < 5 3 [dunGusn) = Gentens] ¢

=1

= > [funcs) ~bra(e)] ey
+ % D [brn(eni) — drleni)]* €
=1

That the second two terms on the right hand side in equation (48) are op(v,) follows exactly
as the corresponding argument in the proof of lemma 3.3! For the first term, again using
lemma 9 and the fact that S5%n

s benm(2)? < 1 along with lemma 8, we can upper bound

31Gee equation (41) and the two subsequent displays.
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the term by
1 =T~ R 7 2 9
- >, [cbm(ek,i,n) - ¢k,n(€k,z‘)] €jii
i=1

1
S - Z (ko (€rin) — brn(€xs)) ej,i} g Z Yk — Vk,n)/bk,n(ﬁk,i)Gj,i]Q

n

=1
. R 1
<= Z 5k 1310k (€kim) = Drn (k) 13655+ =D 1k — Veml[3 10k (era) 1365
n =1 n =1 (49)
< N Fknll305 2 B | Unll3 = Z IM;1I5€ 5 + 1Frn — 2

=1
B? log By n
i (_m )
:OP(VTL>7

since 6, BE 0~ < 6,2 A} n~! = o(vy,) and B}, 1og By n6y ot < 6, AL 1og (8 Agn)n Tt =
o(vy) by condition (ii). This shows that the remaining term in equation (48) has the required
rate, which implies that the remaining term in (46) has the required rate and therefore (15)

holds. O
Lemma 3. The smallest eigenvalue of the By, X By, Gram matriz f‘k,n = fb;m ﬁm dA
satisfies

Amin<fk,n) Z U(Sk,n > 07
for av > 0.

Proof. Since by, m(2)bgn.s(x) is non-zero only for |m — s| < 3 and each by m is non-zero
only on [£xnms Eknmta)] (e.g. (20) p. 91 of de Boor, 2001), I';,, is a symmetric banded
Toeplitz matrix.?? Its entries can be computed by direct integration:

(% ifm=s
i % if |m—s|=1
[Fk,n}m,s:(sk,n X é if |m—5| =2.
ﬁ if jm —s| =3
0 if |m —s| >3

For simplicity of notation let fo := 2%, f1 = f1 = 15, fo = foo =gz and fy = f3 = 5

and let f; == 0 for |s| > 3 Now, let f(6) := ZZ’:_?) f,€'? Then, fk,n/ékﬁn is then the matrix
generated by f in the sense that Ty, /0p, = Z0(f) = me(B’“.'"*l’S) fxJ? where each

s=—min(By,,—1,3)
J$ is the By, X By, matrix which is zero everywhere except for the (i, j)-th entries where

32As can be easily verified, unlike in the case of linear (x = 2) or quadratic splines (k = 3), this matrix is
not diagonally dominant. In the case of k € {2,3} this argument could be completed in a simpler fashion
by using the Gershgorin circle theorem.
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i—j = s, where it has a value of 1.>> Since f € L;([—,7]) and is real on [—m, 7] by Theorem
6.1 in Garoni and Serra-Capizzano (2017) we have that Apin(Iin) = 9k nAmin(Dkn/0kn) >
O infoci—n . f(0) = Ok v, where v == infoe|_r n f(6) > 1/20. O

Lemma 4. Suppose £ € RN such thata =& < & < --- <&y =b, h = max;e(n] & — i—1,
and let 9.(&) be the linear space formed by degree k splines with knots . Then, if f €
Ck1a,b] we have that

(k+1)
2k

|
inf [lg — flloo < SRR FEY | = e Y|,
gEY (&)

where ¢, depends only on k.
Proof. This follows as a special case of Theorem 20.3 in Powell (1981). ]

Lemma 5 (Cf. Lemma A.5, Chen and Bickel, 2006). Let ékn(z) and ¢, be defined as in
lemma 3. If (iv) of the hypotheses of proposition 3 holds, we have

~ 2
G <¢k,n(€k) - ¢k,n(€k)> < %65 o |1%.

Proof. By the definition of gzgkn and lemma 4 we have

Gr (dn(er) = duner)) = il Ga(gler) — bnaler))* < O, 02

9EYy (fk,n)

The first inequality comes from the fact that we can equivalently see i, = —G}, [bk,nbﬁm]_lG kChon,
as the solution to a version of the mean-squared error problem based on equation (34) where
we only integrate over the support of ¢y, since this is also the support of b, and ¢ . [

Lemma 6 (Cf. Lemma A.3, Chen and Bickel, 2006). Under assumption 2 we have for k # j,

1 n
E Z bk,n(Gk,i)Gj,i
=1

Proof. By the fact that Zﬁ’;’rj bingen(2)? < 1 (see e.g. (36) on p. 96 of de Boor, 2001) and
assumption 2 we have that

= Opeo (nil/z).

2

1 1 : 1
Eo, - 21 bion (€ki )€ 2 = EEGO mE:1 brmm(€x)? | < -

Fix € > 0 and take M > 0 large enough such that 1/M? < e. Markov’s inequality yields

A CIIES S R 1 g B
>M| < M2 SW
2

< €.

1 n
= > binleri)es
nz I E

=1

Fp, (\/ﬁ

33See section 6.1 in Garoni and Serra-Capizzano (2017), noting that it is clear that f € Ly ([—, 7]).
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]

Lemma 7 (Cf. Lemma A.2, Chen and Bickel, 2006). Let 4y, and i, be defined as in
equations (36) and (35) respectively. Suppose that conditions (ii), (iii) and (v) of proposition
3 and assumption 2 hold. Then, if we define

. 1l &
Lip = — bn zbn i/7 Fn::Gbnblv

and

. 1
Cim = - E Cinl€ri),  Crimn = GrCrn,
=1

we have that

(i) |Chnlls = O(8rnB2).

(ii) ||Cron — Cinllz = O, (\/@)
(iii) | Tkn = Tinlla = Op, (\/@)7

() [Tnllz = O0nk)
(v) My pll2 = O(d;5)-
In particular, ||[Yen—"Yinll2 = Ory, (n_l/zAkmé,;i(Ak,né,;}l)L) = op,, (1) and ITsnll2 = 0p,, (1)

Proof. The proof follows the relevant parts of the proof of lemma A.2 in Chen and Bickel
(2006). Firstly, from the representation of the derivative of the cubic spline in (32) we can

write ¢ = (b,(fz” - biﬁ,iﬂ) /Okn. We have, for large enough n € N,

/bx(fiz(t)m(t) dt — /bgﬂmk(t) dt’
[ omoar= [5 wn+ o) a

< /b(?’) (t) ’nk(t + §k,n> - nk(t)| At

|t = 5k_,rlL

_ 51
- 5k,n

k,n,i 5k,n
< 2k lle / b (1) dt
< 617 oo

where the last inequality is due to (20) on p. 91 in de Boor (2001) and the fact that splines
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(of any order) take values in [0,1].3* Tt follows immediately that for large enough n € N,

Bk,n Bk,n
D ni < D ClnilESt . = Brab® 11207 0
=1 =1

from which (i) follows immediately.
We have that ¢, ; = (b,(f?)” — b,(f?)” +1) /Ok.n and since splines (of any order) take values

in [0,1] (both as noted above), we have that cxn; € [—0;,,0;,]. Hence, by Hoeffdings’s
inequality for ¢ > 0 we have

Py (

Therefore,

Bk n n
A : 1
POO <Hck,n - Ck,nH2 2 t) S Z_l PGO ( E Zl Ck,n,m(ek,i) - chk,n,m

< 2Byn exp(—nt2B;;7ll5iz,n/2)a

2t2

> t) < 2exp (—n ) = 2exp(—nt*d} ,/2).

2n5,;i
t
>
Bk,n)

1 n
E E Ck,n,m(@c,i) - chk,n,m
i=1

4Bk,n log Bk,n

o7 to obtain

and so for any fixed € > 0 we can take t =
Fg, (“ékn — Cnll2 > t) < 2B, —0,
yielding (ii).

Since for any m, s € [By,,,| we have by, mbin.s € [0, 1] by Hoeffding’s inequality it follows

that for any ¢t > 0
_ 2t2
> t) < 2exp ( r ) = 2exp(—nt?).
n

. (
Therefore, since ||Ti.n — Tknllz < |ITkn — Dinllr and both Iy, and T, are zero for all (m, s)

entries where |m — s| > 3 (de Boor, 2001, (20), p. 91) we have that

1 n
ﬁ Z bk,n,m<€k,i)bk,n,s(€k,i) - Gkbk,n,mbk,n,s
=1

Poo (10 = Thallz = 1) < Poy (T = Tillr > ¢)

By, min(By,y,,m+3)
S oD |

m=1 s=max(m—3,1)

1 n
ﬁ Z bk,n,m(ek,i)bk,n,s<€k,i) - Gkbk,n,mbk,n,s

=1

< 14 B, exp (—ntQB,;TIL) )

34This is evident from their definition in (32). See also property (36) (p. 96) of de Boor (2001).
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Putting t = 4/ 23“;% we obtain
Poy (I = Thallz > 1) < 14B.} >0,
yielding (iii).

Since Ty, is symmetric and positive (semi-)definite we have that [Ty |2 < [|[Tknlleo =

B ‘ .
MaXy—1,.. By 2osei Ghbknmbins->> Then, since for any z € R, each row of by (2)ben(2)

has at most 7 non-zero entries,? all of which are bounded above by 1 we have

!/

Bk,n

||Fk,nH2 < max Z Gkbk,n,mbk,n,s

m=1,...,B
kin s=1

Bk,n

gk,n,m+4
= max Z/ bk,n,m(Z)bk,n,s(Z)ﬁk(z)dz

m=1,...,B
e Pk,m s=1 gk,n,m

< max  7||nkllcc40k.n

m=1,..., k.n

28|11kl 0Ok

which yields (iv) in conjunction with requirement (iii) of lemma 3.

By (v) of lemma 3, on [Zf,,Z{,] we have n(z) > cdyn. Hence n(z) — by, > 0 and

SO [ bl (N — k)X = [(brnr/M — Okn)(brnr/N — Orn)'A. Note that the functions
binin/N — Ok satisty [(bgnin/1m — cOkn)? AN < 0o and hence belong to Lo(N). It follows

that the matrix [ by b}, ,, (7 —cdyn)A is a Gram matrix and hence positive semi-definite. This

implies that I'y,, > ¢k 'k, where f’kn is defined as in lemma 3. Hence, by the Rayleigh
quotient theorem (see e.g. Theorem 4.2.2 in Horn and Johnson, 2013) and lemma 3

/\min(Fk,n) Z )\min(C(Sk,nfk,n) - cak’,n)\min(fk,n) Z CU(S]%,n,

for a v > 0, from which we may conclude that

1

< ()62
/\min<rk,n) - ( )

T nll2 = ko
which yields (v).

To demonstrate the last claim, note that with the results just derived, under our assump-
tions we have,

- R By, log By,
[Cnlle < I Ckn—Cinlla+Cnllo = On, ( ’“Tf’“> +0 (3k/Bin) = Oy, (94 /B )

35See e.g. Theorem 5.6.9 in Horn and Johnson (2013).
36bk7n7m(z) = 0 outside [k n,m,Ek,n,m+4). See (20) on p. 91 in de Boor (2001).
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and, using inequality (5.8.2) from Horn and Johnson (2013),

ITallz < 1T (2 + D = TralTin) e
< ITenll2ll + Lk = Tral D) ™l

~ -1

< IThlle (1= i = TealTckl2) (50)
“ —1

< |IThll2 (1 = Ik = TeallaTEA )

= Op90(5,;721).

Using these intermediate results along with (ii) - (v) and our hypotheses we obtain that
[Ykn = Vemll2 = ||f1§,71~bék,n — T Ckonll2
< ||(F1;711 - Flz,}z>ék,n||2 + ||Fl;,711(ék,n — Crn)ll2
< ITenll2Thn = Thnll2lCenll2 Crnllz + 175 5 l2ll Crm — Crnll2

| B log By, By log By,
— OP90 ( 62 n _I_OPQO (52 n

= OPeo(l)a

by condition (ii) of lemma 3, since we have By, < Ak’né,:; and hence the dominant term
above vanishes since for all large enough n,

B2 log B,
\ SRS < VAL b 08 (Bt h) < 1 (Badi ) = oD
k,nn ’ 7 7 ’

Finally, by (iii) and (iv) and condition (ii) of lemma 3 we have

. A By, log By 1,
ICkalle < % = Cinlle + ITkall: = O, (\/ Tg) + O(0kn) = 0, (1),

since 0y, — 0 and for large enough n,
By, log By, _ _ _ _ _ _
(R8T 1285 g (Ag b h) < 63 2A 0 (Apadi ) = o(1).
n b k) 2 b b
0

Lemma 8. Suppose that é ;. = AxY: + UM,;] where u = vec(U) for any k € [K].>" For
any such k and any u,v € REM we have for p > 1,

(1) kin = Erinl S llu—vllpl[ Millp,

(1) |bknm €k i) = Ok (Ehin)| S 5]?,2““ — |[pl Millp,

37See assumption S1 for the definition of M.

20



(11) | ckmm(Ekin) = Chonm(Erin)| S 51;%”“ — vlp[[ Millp-
Proof. For (i) note that we have

|€kin — €kin] = |Ak]Y: + UM; = Y; — VM|
< [ Axllp|U = V[, M|
S llu = ollpl| M-

For (ii), use (i) in conjunction with the derivative expression in definition (33) which reveals
that by, is Lipschitz with constant 24, :L For (iii), the same argument suffices upon noting

that the derivative expression implies that ¢, is Lipschitz with constant 4(5,;2. O
Lemma 9. Suppose that assumption S1 holds along with conditions (ii), (iii) and (v) of
proposition /4. Define

n
. 1
— ~ ~ ! o /
Fk,n = ﬁ E bk,n(ﬁk,i,n)bk,n(%,i,n) ) Fk,n = Gkbk,nbk,m
i=1

and

n
. 1 A
Ck,n = — Ck,n(ek,i)a Ck,n = Gka’n.
n
=1

then we have:

(i) |Chnlle = Op (81, B2),

Bk’ logB;%
l2 = Op (\/—Z}% )
n

Bk,n(log Bk,n\/é-];i) )

fiii) [P — Tanlla = Op (\/ ;

(iv) |Tinllz = Op(6kn),
(v) [ITnll2 = Op(5;2),

(”) Hék,n — Gk

In particular, if Vi, = F];ilékn we have that

B2 log By,
Ve — Ao =0 _En 2 P = gee(1 ,
[Fem — Vemllz = Op (\/ 5o op-(1)

and ||Tgpll2 = op(1).

Proof. Results (i), (iv) and (v) follow directly from the corresponding results in lemma 7 on
noting that the required conditions (ii), (iii), (v) are the same as the corresponding condi-
tions in lemma 7. Given this, we first prove (ii) and (iii).
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For (ii), by lemma 8 we have for any m € [By,,] that

1 n
— Z Ck,n,m(éc,i,n) - Ck:,n,m<6k‘,i)

n <
=1

Y

1 n
S = G2 IM: s = Op(5:2n72) % Op(1) = Op(520772),
i=1
and therefore ||ékn - éanQ = OP(B;iﬁ(S;;in_lm). Hence using (ii) of lemma 7 we can bound

our term by

||Ok,n - Ck:,n”Q S ||ék,n - ék,nHQ + ||ék,n - Ckn”Z

By, log By, ,
= Op (B,i/iék—’in*ﬂ) + Op (H & m?Zg . )
k.n
Bknlog Bkn
= Op [ | Phn 08 Pk )
P ( néi}n )

For (iii), similarly using lemma 8 we have for any m € [By,] that

1 < ) .
E Z bk,n,m(ek,i,n>bk,n,s(Ek,i,n) - bk,n,m(ek,i)bk,n,s(gk,i)
=1

n

Z ‘bk,n,m(ek,i) ‘ ’bk,n,s (gk,i,n) - bk,n,s(ek,i) ‘

i=1

1< R R 1
S E ; |bk,n,m(€k,i,n) - bk,n,m(ek,i)ku,n,s(ek,i,n)’ + E
<1y
S > Gl Unllal| M)
=1
= Op(G 0 '7?).

Since by pm (2)bg pns(x) = 0 for (m, s) with |m — s| > 3 (de Boor, 2001, (20), p. 91) we have
that || Tg., — f‘ang = Op(Bé{fégin_l/z) and so by (iii) of lemma 7 we have

||Fk,n - Fk,n||2 S ||Fk,n - IAjk,n”2 + ||fk,n - Fk,nHZ

By ,, log By, ,,
- Onlpar ) v 0 (P beBie)

\/B;m(log Bk,n V (5];721)
— Op »

n

Using the just derived results along we have

. - By, 1og By, ,
1Csalle < Ckn=Clenlla | Crnlle = O <\/ BT >+O (B v/ Bi) = O (dv/Bir)
k.n
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and by an analogous argument to in that of equation (50)
Il = Op(3;2).
Using these intermediate results along with (ii) - (v) and our hypotheses we obtain that

15k = Ykmll2 = 1T Chin = T Crinlla
< [(Tpn = Tin) Crnllz + [T (Crn — Crn) |l2
< el Thn = Thnll2lTinllal Crnllz + 1T ll2ll Crm — Crnll2

B2 log Bkn Bk log Bk
_ O kn , O n n
P <\/ 51%,71” ) +Up < 527nn
= Op(l),

by condition (ii) of lemma 4, since we have By, < Ak,nég; and hence the dominant term
above vanishes since for all large enough n,

B? log By,
Vo S T B 08B ]) < 7 ] (D) = o(1).
k,nn ' 7 7 7

Finally, by (iii), and (iv) and condition (ii) of lemma 4 we have

Bk,n(log Bk,n V 5];721)

n

ITsnllz < [Tk — Thnllz + [Thnllz = Op \/ + O(0k,n) = op(1),

since dy,, — 0 and for large enough n,

Bi.n(log B, V 6,2 | By, log B
\/ k, ( g D, k,n) < k,nézog k,n < nfl/QAkmékfi log(Ak,n(S];:) _ 0(1)

Lemma 10. In the setting of lemma 4, for k € [K] we have

2

1T~
E Z |:¢k,n<€k,i,n) - ¢k<6k,i) = OP(1>-
=1
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Proof. We can upper bound our term:*®

n n

%; [qgkn(ékzn) - ¢k(6k,¢)]2 < %Z [ngn(ékzn) (e ]2 . %

i=1 i=1

[Binlers) — benlens)]

n

+ % Z [%,n(%z’) - ng(@m)} 2 7

where (;Bkn and ¢y, are defined as in lemma 3.% The proof of the convergence of the latter
two terms is very similar to that in lemma 3. By our hypotheses and Cauchy-Schwarz:

G ([¢k,n(€k) - ¢k(€k)]2) Gy, [¢k(€k)21{€k ¢ [“kn? Unm

< [Gron(er)']” [Gil{ex ¢ [EE,, EY, 11" (51)
— 0.

Similarly, by our hypotheses and lemma 5, as n — 00,

G ([Brnler) = dra(en)]?) = Gi ([Grnler) = drale)]?) < C2L N0 — 0. (52)

Using the preceding two displays in conjunction with Markov’s inequality, for any v > 0,
we have:

n

l Z [Qﬁk,n(fk,i) - ¢k(€k,i)]2

P(

n <

=1
1

p(_
n

which deals with the last two terms in our upper bound. Finally, for the first term in the

— 0,
v

>U>§Gmwm@m—m&m%

and

n

- [&kn(ekz) - ¢kn(€kz)] i - — 0,

N U) . Gy ([szn(@c) - ¢k,n(€k)]2>

38 Throughout the proof we will use notation introduced in the proof of lemma 4 without comment.
39The former is defined during the proof.
40Note that (iv) of the hypotheses of lemma 3 is also (iv) of the hypotheses of lemma 4.
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decomposition, using lemmas 8 and 9 we have:

I T~ R ~ 2 2

- Z |:¢kn(€kzn) - Cbk,n(ﬁk;,z')] =— Z — Yen) b (Erim) + Vim Orin (Ersin) — brn(eri))]
i=1

5 (;)/k,n - PYk,n), [E Z bk,n(gk,i,n)bk,n(ék,i,n)/ (;)/k,n - ’Yk,n)

i=1

1< X )
+ ||7k,n||§5 > bk (Erim) = brnlera)lls
=1

S kn — Yo ll2 I Denll2 | Fm —
_ 1 <

+ H%,nHgBk,n%,iHUnH%; Z M]3
=1

= op(1) + Op (0,2 Bin) X Op(Bindon ")
= OP(l),

where we note that 0, Bf ,n" < Af 6,507 = o(1), by condition (ii) and the fact that
Bk,n < Ak,n(sl;,ll ]
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Appendix C: Tables and figures

Table 1: TRUE ERROR DISTRIBUTIONS

Distribution

t'(5)
“skewed unimodal”
“kurtotic unimodal”
“outlier”
“bimodal”

“separate bimodal”
10  “skewed bimodal”

© o0 N O Ot s W N

Notes: Distributions 2-4 are t-distributions normalised to have unit variance. Distributions 5 - 10 (and their
names) are taken from Marron and Wand (1992); see their table 1 for the definitions and the plots on p.
T17.
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Table 2: EMPIRICAL REJECTION FREQUENCIES 5‘53 TEST FOR BASELINE ICA

n K B 1 2 3 4 5 6 7 8 9 10
200 2 4 0.041 0.047 0.038 0.043 0.047 0.051 0.047 0.052 0.047 0.044
200 2 6 0.045 0.043 0.042 0.044 0.045 0.054 0.047 0.053 0.051 0.047
200 2 8 0.046 0.047 0.047 0.046 0.043 0.051 0.046 0.050 0.053 0.047
200 3 4 0.031 0.040 0.037 0.037 0.043 0.047 0.041 0.047 0.046 0.042
200 3 6 0.038 0.042 0.038 0.037 0.045 0.046 0.044 0.042 0.049 0.044
200 3 8 0.041 0.046 0.040 0.042 0.048 0.047 0.043 0.044 0.045 0.042
500 2 4 0.047 0.041 0.041 0.045 0.045 0.048 0.048 0.051 0.048 0.050
500 2 6 0.043 0.044 0.046 0.041 0.048 0.052 0.049 0.050 0.050 0.048
500 2 8 0.047 0.048 0.043 0.044 0.049 0.046 0.051 0.053 0.049 0.050
500 3 4 0.041 0.043 0.040 0.042 0.047 0.041 0.045 0.052 0.048 0.050
500 3 6 0.039 0.044 0.043 0.043 0.045 0.047 0.047 0.046 0.048 0.046
500 3 8 0.041 0.043 0.045 0.046 0.045 0.045 0.051 0.046 0.050 0.047

Notes: The table shows the empirical rejection frequencies for the S5% test based on S = 5.000 Monte Carlo
replications for the baseline ICA model. The test has nominal size a = 0.05. The columns denote the sample
size n, the dimension of the ICA model K, the number of B-splines B and the choice for densities ¢, for

k > 1, where the numbers correspond to the different densities listed in Table 1.
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Table 3: EMPIRICAL REJECTION FREQUENCIES ALTERNATIVE TESTS FOR BASELINE ICA

Test 1 2 3 4 ) 6 7 8 9 10

w 0.257 0.231 0.187 0.092 0.282 0.076 0.022 0.176 0.188 0.252
LM 0.072 0.090 0.075 0.065 0.109 0.063 0.069 0.065 0.066 0.087
LR 0.011 0.035 0.045 0.050 0.045 0.035 0.021 0.000 0.001 0.026
LRE 0.428 0.243 0.174 0.057 0.406 0.019 0.005 0.989 0.960 0.296
LRY 0.164 0.141 0.106 0.092 0.149 0.168 0.345 0.117 0.112 0.161

W, - 0376 0271 0.095 0.362 0.114 0.021 0.207 0.150 0.448
LM, - 0129 0.102 0.132 0.086 0.051 0.068 0.226 0.250 0.147
LR, - 0.070 0.116 0.055 0.099 0.055 0.021 0.018 0.050 0.102
LRI(); - 0411 0.289 0.062 0.448 0.047 0.005 0.962 0.950 0.511
LRI’;J - 0.223 0.280 0.231 0.254 0.163 0.345 0.320 0.100 0.426

Notes: The table shows the empirical rejection frequencies based on S = 5.000 Monte Carlo replications for
the baseline ICA model with n = 500 and K = 2. All tests have nominal size a = 0.05. The first column
indicates the test. In particular, W denotes the MLE-based Wald test, LM denotes the MLE-based Lagrange
multiplier test, LR denotes the MLE-based likelihood ratio test, LR denotes the likelihood ratio test based
on the psuedo-maximum likelihood estimator of Gouriéroux, Monfort and Renne (2017), LRY denotes the
likelihood ratio test based on the GMM estimator of Lanne and Luoto (2019a). Finally, the subscript p
denotes the same test computed conditional on passing the Jarque-Berra pre-test. The remaining columns
denote the choice for densities €, for k > 2, where the numbers correspond to the different densities listed
in Table 1.
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Table 4: EMPIRICAL REJECTION FREQUENCIES S5 TEST FOR SVAR

n K q 1 2 3 4 5 6 7 3 9 10
200 2 1 0.069 0.089 0.088 0.113 0.081 0.086 0.167 0.072 0.072 0.070
200 2 2 0.08 0.091 0.094 0.133 0.087 0.093 0.180 0.079 0.082 0.075
200 2 4 0.112 0.126 0.120 0.164 0.117 0.114 0.206 0.106 0.104 0.110
200 3 1 0.090 0.095 0.111 0.163 0.093 0.095 0.303 0.069 0.070 0.073
200 3 2 0.093 0.1056 0.110 0.162 0.107 0.104 0.311 0.079 0.088 0.080
200 3 4 0.126 0.135 0.147 0.208 0.126 0.116 0.303 0.122 0.117 0.109
500 2 1 0.062 0.061 0.066 0.089 0.051 0.069 0.109 0.056 0.055 0.052
500 2 2 0.057 0.062 0.067 0.093 0.058 0.062 0.099 0.057 0.058 0.051
500 2 4 0.070 0.072 0.083 0.106 0.068 0.072 0.110 0.063 0.064 0.059
500 3 1 0.059 0.069 0.063 0.109 0.061 0.072 0.162 0.053 0.047 0.040
500 3 2 0.056 0.064 0.077 0.111 0.066 0.070 0.156 0.056 0.058 0.051
500 3 4 0.084 0.086 0.088 0.136 0.070 0.073 0.167 0.081 0.074 0.063
1000 2 1 0.056 0.050 0.057 0.067 0.045 0.052 0.076 0.045 0.048 0.041
1000 2 2 0.050 0.052 0.049 0.067 0.048 0.050 0.080 0.050 0.047 0.043
1000 2 4 0.058 0.057 0.062 0.083 0.049 0.053 0.074 0.052 0.055 0.044
1000 3 1 0.043 0.046 0.055 0.091 0.045 0.052 0.102 0.044 0.040 0.045
1000 3 2 0.050 0.049 0.054 0.084 0.046 0.059 0.100 0.043 0.045 0.048
1000 3 4 0.054 0.061 0.059 0.091 0.051 0.058 0.117 0.058 0.052 0.042

Notes: The table shows the empirical rejection frequencies for the S5 test based on S = 5.000 Monte Carlo
replications for the SVAR model. The test has nominal size a = 0.05. The columns denote the sample size n,
the dimension of the ICA model K, the number of lags included ¢ and the choice for densities €, for k > 2,
where the numbers correspond to the different densities listed in Table 1. The S5 test was implemented

using B = 6 B-splines.
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Figure 1: POWER BASELINE ICA MODEL: n = 500
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Notes: Empirical power curves for the baseline ICA model with £ = 2 and n = 500. Each plot corresponds
to the choice for densities €, for k& > 2, where the numbers correspond to the different densities listed in
Table 1. The solid red line shows the empirical rejection frequency for the S57 test whereas the black dashed
line corresponds to the parametric LM test which is size-adjusted. Note that the parametric LM test is size
adjusted.

60



Figure 2: CONFIDENCE REGION LABOR ELASTICITIES

Confidence region (S5% test)
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Notes: Confidence regions (light gray is 95% and dark grey is 67%) for 4 and 3° in the model for US labor.
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